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Abstract

Optimization plays a crucial role in modern engineering and science. Evolu-
tionary computing techniques are a branch of artificial intelligence (AI) and
have attracted a lot of attention recently. Scientists, engineers, and practition-
ers need to understand how evolutionary computing techniques work and be
fluent in using Al-based optimization techniques to solve engineering optimiza-
tion problems. The Differential Evolution (DE) algorithm, which is classified
as a population-based evolutionary algorithm, is primarily intended for solving
complex optimization problems. The original DE algorithm uses a fixed popu-
lation size, whereas modern DE variants adopt advanced strategies for reducing
the population size over the evolution process. In this review article, 204 studies
are included and we offer not only an overview of the population size reduc-
tion methods, but also a comparative analysis of selected methods by integrating
them into the state-of-the-art algorithm and performing experimental work on
the CEC 2024 benchmark functions and two real-world problems. Benchmark-
ing demonstrates that the choice of population size adjustment strategy affects
optimization performance, with its effectiveness depending on the problem char-
acteristics and dimensionality. According to the Friedman test applied to 15



methods, 10 non-linear population size reduction methods were ranked higher
than the linear population size reduction method on 100-dimensional problems.
Moreover, a non-linear population size reduction method achieved the top rank
on both real-world optimization problems. However, no single population size
adjustment strategy consistently dominates across all problem dimensions and
function families.

Keywords: Differential Evolution, Numerical optimization, Population size
adjustment, Linear population size reduction, Nonlinear population size reduction

1 Introduction

Differential Evolution (DE) emerged as a very competitive evolutionary algorithm
more than three decades ago (Storn and Price 1997). Since then, DE, in its original
form as well as its variants, has been applied successfully to solve numerous real-world
optimization problems (Das and Suganthan 2011; Brest et al. 2006; Neri and Tirronen
20105 Das et al. 2016).

DE is a population-based stochastic search algorithm that imitates natural evolu-
tionary processes such as mutation, crossover, and selection. The key parameters of
DE are scaling factor (F'), crossover rate (CR), and population size (NP). Choosing
their appropriate values is crucial for achieving good performance. Early DE vari-
ants relied on constant parameter values, but subsequent studies have demonstrated
that it is beneficial to adapt them throughout the evolutionary process. Based on
that observation, many powerful and efficient variants of DE have been proposed in
the literature. The algorithms were systematically reviewed in various papers, with
the surveys conducted in different directions. Tables 1 and 2 collect DE reviews and
surveys. In (Al-Dabbagh et al. 2018), the authors proposed an extended taxonomy
for evolutionary algorithm parameter settings, covering the different types of param-
eter configurations used in evolutionary computation. Based on this taxonomy, they
introduced a general classification of adaptive DE algorithms that categorizes them
according to their parameter—control mechanisms and the number of DE strategies
employed in the implementation. Ye et al. (2025) surveyed adaptation mechanisms
that span many different directions, ranging from control parameters to learning
schemes. Reyes-Davila et al. (2025) analyzed the variants of DE operators with focus
on mutation schemes, crossover, and selection operators. Pan et al. (2026) surveyed DE
algorithms employing exponential crossover. The authors analyzed their behavioral
properties in comparison with binomial crossover. Piotrowski et al. (2026) presented
a comprehensive experimental survey of SHADE- and L-SHADE-based adaptive DE
algorithms.

Although several reviews of DE have been published, they primarily focus on the
adaptation of the F' and CR parameters and on the general development of DE and
its applications across various optimization domains. This review paper focuses on
a single parameter: population size, which is typically assigned a fixed value based
on empirical evidence. Regarding how DE’s mutation and crossover work, it is clear



Table 1: DE surveys and reviews.

Reference Title and note

Neri and Recent advances in differential evolution: a survey and experimental
Tirronen analysis

(2010) Surveys DE and its recent advances. Classifies the DE modifications

into two groups: (1) algorithms that integrate additional components
within the DE structure; (2) algorithms that employ a modified DE
structure.

Das and
Suganthan
(2011)

Differential evolution: A survey of the state-of-the-art

Surveys state-of-the-art DE algorithms and their real-world appli-
cations; and analyzes DE variants based on control parameters and
mutation schemes.

Dragoi and
Dafinescu
(2016)

Parameter control and hybridization techniques in differential evolu-
tion: a survey.

Surveys DE in two main directions: (1) the replacement of manual
control parameter setting with adaptive and self-adaptive meth-
ods; (2) hybridization with other algorithms. Presents approaches
of mixing DE with global search algorithms, DE with local search
algorithms, and DE with global and local search algorithms.

Das et al.
(2016)

Recent advances in differential evolution — an updated survey

Surveys DE algorithms, parameter adaptation in DE, applications,
and hybridization of DE and other methodologies.

Piotrowski
(2017)

Review of differential evolution population size

Briefly reviews the opinions regarding DE population size setting and
verifies the impact of the population size on the performance of DE
algorithms. Conducts experiments with ten DE algorithms with fixed
population size and four DE algorithms with flexible population size
on CEC 2005 benchmarks and CEC 2011 real-world problems.

Al-Dabbagh
et al. (2018)

Algorithmic design issues in adaptive differential evolution schemes:
Review and taxonomy

Provides the extended taxonomy of parameter settings in evolution-
ary algorithms and proposes two taxonomies of parameters in DE
algorithms. Investigates the various algorithmic design schemes that
have been used in the different variants of adaptive DE and conveys
them in a new classification style. Provides a comparative analysis
of the algorithmic schemes and offers several guidelines for designing
and implementing adaptive DE algorithms.




Table 2: DE surveys and reviews.

Reference

Title and note

Tanabe and
Fukunaga
()

(2019)

Reviewing and benchmarking parameter control methods in differen-
tial evolution

Reviews 24 parameter control methods for scale factor and crossover
rate in DE variants. Conducts a benchmarking study of these meth-
ods and analyzes their performance by comparing them with recent
algorithms.

Bilal et al.
(2020)

Differential Evolution: A review of more than two decades of research
Surveys nearly 25 years of existence of DE, covering 283 research
articles with a focus on DE operations, parameters, and hybridized
variants, along with various successful applications of DE.

Reyes-Davila

et al. (2025)

Differential evolution: a survey on their operators and variants

Surveys the variants of DE operators and their impact on the evo-
lutionary computation literature over the years, and provides an
analysis of each year’s trends, the improvements that marked a mile-
stone in the DE research, and the feasible future directions of the
algorithm.

Ye et al. (2025) A comprehensive survey of adaptive strategies in differential evolu-

tionary algorithms

Surveys the DE algorithms based on adaptive strategies and provides
a new taxonomy of six adaptive strategies. Highlights the advantages
and disadvantages of adaptive strategies and highlights promising
directions of categorized adaptive strategies.

Pan et al.
(2026)

Differential evolution with exponential crossover: A survey.

Surveys DE algorithms that employ exponential crossover. A three-
category classification framework is proposed to organize existing
algorithms and guide future research. The paper analyzes how the
crossover rate affects inherited segment lengths in exponential vs.
binomial crossover and reviews real-world applications, as well as
future challenges such as parameter control and framework integra-
tion.

Piotrowski
et al. (2()26)

A comprehensive experimental survey of L-SHADE and SHADE-based
DE algorithms

Experimentally surveys SHADE and L-SHADE-based adaptive dif-
ferential evolution algorithms, providing comprehensive results across
different problem dimensionalities, difficulty levels, and both real-
world and numerical benchmark functions. The study provides
practical guidance for selecting suitable SHADE /L-SHADE variants
depending on problem characteristics and application scenarios and
identifies promising directions for future research.




that a larger population generally leads to greater diversity among individuals. In
contrast, when the population size is too small, the algorithm tends to lose diversity
prematurely, making it more susceptible to stagnation or early convergence.

To the best of our knowledge, the population size has not been systematically
examined in many review articles. Piotrowski (2017) briefly reviews the opinions
regarding DE population size setting and verifies the impact of the population size on
the performance of DE algorithms. Using a too small population size limits the number
of available moves, which may lead to stagnation or premature convergence. On the
other hand, a very large population may waste many function evaluations with almost
no exploratory moves. Piotrowski (2017) presented four ways on how the population
size of DE algorithms could be set: (1) setting population size for each problem sepa-
rately, without any motivation or according to the ’expert knowledge’, and keeping it
fixed for the whole run; (2) relating population size to the dimensionality of the prob-
lem D, and keeping it fixed for the whole run; (3) setting the same fixed population
size for all problems, irrespective of their dimensionality or properties, (4) allowing
population to vary during run, usually according to specified adaptation rules.

Several methods were proposed for adjusting the population size throughout
the evolutionary process. They follow the idea that having a large population with
increased diversity at the beginning enhances the algorithm’s ability to explore the
unknown search space. However, as optimization progresses, diversity must gradu-
ally diminish to enable convergence toward one of the optimal solutions. Since the
population size is larger in the early stages and smaller in the later stages of the evolu-
tionary process, an overall decrease occurs, even if minor increases appear in between.
Thus, the population size may decline monotonically or fluctuate during the evolution-
ary process while still following a general downward trend. Adaptive population size
is highly recommended, especially for higher-dimensional and real-world problems.
However, which specific algorithms with population size adaptation perform better
depends on the number of allowed function calls. Experimental evidence showed that
algorithms with variable population size are never among the worst (Piotrowski et al.
2017). Although variable population sizes do not guarantee good performance, they
help avoid pitfalls. In (Piotrowski et al. 2017) it was also found that five out of six
tested algorithms with variable population sizes were not ranked among the worst
methods according to averaged rankings across 22 problems in any of the six com-
petitions performed. In another study (Saad et al. 2024), the authors concluded that
using a population size based on problem dimension or a fixed value cannot be consid-
ered an optimal approach. In (Ye et al. 2025), population size adjustment was briefly
reviewed alongside other adaptation strategies. The authors highlight the consider-
able potential for incorporating adaptive strategies into various components of DE
algorithms, including the population size. In (Piotrowski et al. 2026), population size
reduction was addressed because it is integrated into several reviewed L-SHADE-based
algorithms.

Despite the growing importance of population-size adaptation in differential evo-
lution, no comprehensive review has systematically analyzed the large number of
population-size adjustment mechanisms proposed during the last decade. Research
surveys in DE have predominantly addressed parameter control, operator design, and



algorithmic enhancements rather than population size adaptation. The only dedicated
review of the DE population size was published in (Piotrowski 2017) and therefore
does not cover the substantial body of work developed afterward. While that study
provided important insights into population-size setting and adaptation, it covered
methods available up to 2017. Since then, numerous new population-size adaptation
mechanisms have been proposed. Nevertheless, no study has systematically compared
newer representative population-size adjustment mechanisms by integrating them
into a common state-of-the-art DE framework and using recent benchmark suites.
Consequently, the current understanding of similarities, differences, and practical
effectiveness of modern population-size adaptation strategies remained fragmented.

To fill this gap, we present a review focusing on recent developments in differential
evolution, with particular emphasis on population size adjustment strategies. The
contributions of this paper are:

® A comprehensive review of population size adjustment methods in DE published
between 2017 and 2026 (in 2026 from January to May inclusive).

e Unified classification of population-size adjustment methods into two groups: linear
and non-linear population size adjustments.

e Comparative analysis of common design principles of population-size adjustment
methods.

® Controlled empirical evaluation of selective population size adjustment methods
within a state-of-the-art DE-based algorithm.

e Validation on the CEC 2024 benchmark suite with problem dimensions D =
10, 30, 50, and 100, and two real-world optimization problems.

The algorithms reviewed employ varying notations in their original descriptions;
therefore, a unified notation is adopted here for consistency. Table 3 summarizes
the symbols and their brief descriptions that are used throughout the review of the
algorithms presented in this paper.

The rest of the paper is organized as follows. Section 2 introduces the classical
DE and jSO algorithms and provides a concise overview of population size reduction
methods developed before 2017. A review methodology is given in Section 3. Section 4
presents the population size adjustment methods developed for DE-based algorithms
since 2017. Common properties of these methods are summarized in Section 5.
Section 6 reports simulation results obtained from the comparison of selected methods,
while Section 7 presents experimental results on real-world optimization problems.
Section 8 is dedicated to discussion. Finally, Section 9 summarizes the paper and gives
directions for future work.

2 Background

In this section, we give an overview of the classic DE algorithm, the jSO (Brest et al.
2017) algorithm and of selected DE-based algorithms with population size adjustment
proposed before 2017. The jSO algorithm is a strong and widely used SHADE-
family baseline algorithm presented at CEC 2017 Competition on Single objective
real-parameter optimization (Awad et al. 2016). We use the jSO algorithm as the



Table 3: Symbols and notation used in this paper.

Symbol Description

D problem size
x solution vector, x = (z1,22,...,ZD)
Xpest the best solution vector
XpBest top p-best solution vector
maximum number of generations
g generation index, g € {0,1,...,G}
P, population in generation g (Pg is the initial population)
NP population size
NPipit initial population size
NP.yq final population size
NP in minimum value of the population size during the optimization process
NP oz maximum value of the population size during the optimization process
CR crossover rate
F scale factor
Fy weighted scale factor
MazFEs maximum number of function evaluations
nfes number of function evaluations, nfes € {1,2,..., MazFEs}
I fitness function value, f = f(x)
foest best fitness function value
Sworst worst fitness function value
diffPS number of different population sizes during the optimization process
Pmaz initial value of parameter p
Pmin, final value of parameter p
log natural logarithm
SR success rate

baseline, into which we integrate various population-size adjustment strategies origi-
nally proposed in different DE variants. Such an implementation enables more explicit
comparisons and the assessment of each strategy’s impact, as other algorithm-specific
mechanisms do not confound its performance.

The jSO and other DE-based algorithms with population size adjustment proposed
before 2017 laid the groundwork for many subsequent developments in population
adaptation, discussed in Sections 4 and 5.

2.1 Differential Evolution

In this subsection, we briefly review the DE algorithm (Storn and Price 1997; Price
et al. 2005), as it serves as the basic algorithm for the studies of more advanced
algorithms and their methods in this paper.

A goal of an optimization algorithm is to find a solution vector x = (z1, z2,...,Zp)
such that optimizes f(x). D is the dimensionality of the function f. The domains
of the components of the vector x are defined by their lower and upper bounds:
Tjlow, Tjupp; J € {1,2,...,D}.

DE belongs to the group of population-based evolutionary algorithms, as it has a
population of NP individuals or vectors. In generation g, the population P, can be



Table 4: The mutation strategies in the classic DE algorithm.

Name Mutation strategy

DE/rand/1 Vig =Xry,g + F(Xry,g — Xry,g)

DE/best/l Vi,g :xbest,g+F(xT1,g _XTQag)
DE/current-to-best/1 v, g =X g + F(Xpest,g — Xi,g) + F(Xr,,g — Xry.q)
DE/best/2 Vi,g = Xbest,g + F(x’l‘l,g - X'rz,g) + F(xraag - x7‘4a9)
DE/rand/2 Vig = Xr,,g T F(Xrg,g - XT’:;,Q) + F(xm,g - xTSvg)

represented by:

Pg = (Xl,g7-~-;Xi,ga-~-7XNP,g)a (1)
where g € {0,1,...,G} is a generation index, and G is the maximum number of
generations. Each vector consists of D variables:

Xi,g = (Ti)1,9, Ti 2,95 -+ Ti,D,g)- (2)

In many optimization problems, variables are restricted by lower and upper bounds
arising from physical limitations or practical considerations. These constraints are
commonly known as bound constraints or box constraints (Biedrzycki et al. 2019). The
initial population, Py, is usually selected uniformly at random within the specified
lower and upper bounds defined for each individual’s variable z; ;:

Tji = Tjlow + rand; (0,1) X (T upp — Tjiow) for j€{1,2,...,D}, (3)

where rand(0, 1) is a random number between 0 and 1. Instead of random population
initialization, a different initialization can be used that involves heuristic knowledge
of the optimization problem.

After initialization, the population of NP vectors is evolved throughout G gener-
ations, leading the vectors in the search space towards the global optimum. At the
end of the evolutionary process, DE stops and returns the best-fitting vector and its
fitness value as a final solution. During each generation, the DE algorithm repeats
three operations for each individual. These operations are mutation, crossover, and
selection.

The performance of the DE algorithm is largely dependent on the mutation pro-
cess (Zhang et al. 2023a). In the mutation, the population size greatly affects the
selection of the base vector and the difference vector. A large population size can
enrich the diversity of individuals, while a small population size may produce few
mutant individuals and cause the algorithm to fall into the local optima, although the
convergence speed is faster.

2.1.1 Mutation

During the mutation operation, DE creates a mutant vector v; 4. Table 4 shows the
mutation strategies that have been proposed for the classic DE algorithm. The indexes



r1— 15 represent the random and mutually different integers generated within the range
{1, ..., NP} and also different from index i. Xpest,g 1S the best vector in generation g.

Each strategy has a different ability to maintain population diversity, which might
influence the algorithm’s convergence rate during the optimization process. For exam-
ple, the DE/rand/1 mutation strategy has better exploration ability while the DE/best/1
mutation strategy has better exploitation ability. A mutant vector v; g4 is calculated as
the sum of a base vector and a scaled difference of two other vectors. The scaled differ-
ence can be repeated twice, for example, in DE/rand/2, or even multiple times. Several
other DE mutation strategies are known, and the reader is referred to the DE sur-
veys (Das and Suganthan 2011; Neri and Tirronen 2010; Das et al. 2016; Al-Dabbagh
et al. 2018; Ye et al. 2025).

2.1.2 Crossover

The next operation that follows the mutation operation is called crossover. Classi-
cal DE has already introduced two types of crossing operations, namely binomial
and exponential (Das and Suganthan 2011). The DE/rand/1/bin notation indicates the
selected mutation strategy followed by binomial crossover. We encounter binomial
crossover frequently in practice, so we will describe it in detail.

Two vectors, the mutant vector v; 4 and the parent vector x; 4, are used in binomial
crossover in order to create a trial vector u; 4 as follows:

. d:(0.1) < = rana),
uj)i7g:{v]7 g» if (rand;(0,1) < CR) or (§ = jrand) )

Zji,g, Otherwise,

for j =1,2,...,D and i = 1,2,..., NP. rand;(0,1) is the j-th evaluation of the uni-
form random generator number. The crossover parameter CR € [0, 1] presents the
probability of generating components for the trial vector from the mutant vector. If
a component was not selected from the mutant vector, then it is selected from the
parent vector. The randomly chosen index jrqna € {1,2,..., D} is responsible for the
trial vector containing at least one component from the mutant vector.

Once the crossover operation is complete, the bounds of the trial vector compo-
nents are verified. If any component from the trial vector u; 4 is out of bounds, a repair
mechanism is applied to move the individual back inside the search space bounds. The
mentioned components are usually reinitialized randomly; however, alternative repair
mechanisms can also be used.

2.1.3 Selection

The last operation is called selection. Before the selection takes place, the trial vector
u; 4 is evaluated so that the objective function f(u; ) is calculated.

During the selection operation, two vectors, the trial vector u; , and its corre-
sponding parent vector X; 4, are compared based on their objective function values.
The better one will take place as a member of the next generation, while the other
one is discarded. The selection operation, under the assumption that the optimization
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problem is a minimization problem, is defined as follows:
W g, if fuig) < f(xig),

Xig, oOtherwise.

This greedy selection operation is common in DE, but it is rarely used in other evo-
lutionary algorithms, where tournament, roulette wheel, and other selection methods
are more COImmon.

2.2 The jSO algorithm

The jSO (Brest et al. 2017) algorithm, which achieved 2°¢ place in the CEC 2017
(Awad et al. 2016) competition, is a revised version of the iL-SHADE (Brest et al.
2016) algorithm proposed by the same authors. To improve the performance of
the algorithm, the authors introduced a new weighted mutation strategy and sev-
eral modifications of the control parameters. The novel mutation strategy, called
DE/current-to-pBest-w/1, incorporates a new inertia weight F,, as follows:

Vig = Xig + Fu(XpBest,g = Xig) + F(Xr g — Xpy,g)- (6)

Vector Xppest,q is randomly selected from top 100p% best individuals in the cur-
rent population. The proposed weighted mutation strategy uses a smaller factor F,
when the difference vectors include x,pcst,q during the early stages of evolution and
gradually increases F), as the evolutionary process progresses:

0.7 x F, if nfes < 0.2 x MaxFEs,
Fy,=<08xF, ifnfes <0.4x MazFEs, (7)
1.2 x F, otherwise,

where nfes and MaxFFEs are the current and maximum number of evolutions of the
objective function, respectively. This effectively reduces the influence of the vector
XpBest,g in the earlier stages.

Furthermore, the generated control parameters F' and CR are also bounded
according to the current evolutionary stage:

[ {0.77 if F#>0.7 A nfes < 0.6 x MaxFEs, (8)

F,  otherwise.

0.7, if CR<0.7 N nfes <0.25 x MaxFEs,
CR=<06, if CR<0.6 A 0.25x MazFEs < nfes < 0.5 x MazFEs,  (9)
CR, otherwise.

The linear population size reduction (LPSR) mechanism, as well as the use of
an external archive, remains unchanged. Therefore, jSO uses the LPSR proposed

11



by Tanabe and Fukunaga (2014) in L-SHADE. It is a special case of simple vari-
able population size (Laredo et al. 2009). In each generation, the population size is
calculated as:

Npend - sznzt

NPF,; =round {( VarFEs

) X nfes + NPt | - (10)

Population size reduction mechanism may effectively save computing resources
during the evolution process and speed up convergence. The parameter settings in
the jSO algorithm are: NP;,;; = 25 x log(D)V/D, NPy = 4, pp = 0.3, pier = 0.8,
F ~ C(up,0.1), CR ~ N(pcr,0.1), 79¢ = 1.6, Pmaz = 0.25, Pmin = Pmaz/2, and
H = 5; C and N denote Cauchy and Normal distribution respectively and log denotes
the natural logarithm.

Later, in the experimental part of this review, we use the jSO algorithm as the
baseline, into which we integrate various population-size adjustment strategies origi-
nally proposed in different DE variants. Such an implementation enables more explicit
comparisons and the assessment of each strategy’s impact, as other algorithm-specific
mechanisms do not confound its performance.

2.3 Selected DE-based algorithms with population size
adjustment published before 2017

In this subsection, we present some DE-based algorithms with population size
adjustment proposed before 2017, as they laid the groundwork for many subsequent
developments in population adaptation, and we refer to them in this review paper.

2.3.1 DESAP (Teo 2006)

Teo (2006) introduced the Differential Evolution with Self-Adapting Populations
(DESAP) algorithm. The proposed algorithm has two variants in which the population
size is automatically determined at initialization and subsequently adapted through-
out the evolutionary process. Each individual is associated with a self-adaptive,
population-size-related parameter 7, which is modified through crossover and muta-
tion. The two variants, named DESAP-Abs and DESAP-Rel, differ only in their
encoding of the population size. The initial population size is calculated as follows:

For DESAP-Abs, the population size of the next generation is calculated as the
average of the population-size attributes m; over all individuals, where m; represents
an absolute population size preference:

NPy
NPyy =round() _ mi/NF,). (12)

i=1
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The parameter ; for each individual is initialized as m; = NPy + N(0,1). During
the mutation operation, it is updated as m; < m; + int(N(0.5,1)).

In DESAP-Rel, each 7 represents a relative growth rate and is initialized uniformly
in the interval [—0.5,0.5]. The population size of the next generation is then computed
as:

NPy 11 =round(NP, + (7 x NP,)). (13)

Elitism and culling are inherently incorporated in both versions through population
size transitions between generations. When the population size increases, elitism is
applied by retaining all individuals from the current generation and duplicating the
best-performing individual to fill the additional slots. Conversely, when the population
size decreases, culling occurs such that only the top NPy individuals are preserved,
while the remaining individuals are eliminated.

2.3.2 dynNP-DE (Brest and Sepesy Maucec 2008)

To effectively balance the exploration—exploitation trade-off, a dynNP-DE algorithm
was introduced, incorporating a dynamically adaptive population size, denoted as
dyn-NP (Brest and Sepesy Maucec 2008). At the beginning of the evolutionary pro-
cess, a larger population facilitates broader exploration of the search space, while the
population size is progressively reduced as the process advances. In the final stage,
the algorithm intensifies its focus on refining and optimizing the best-performing
individuals identified thus far.

If diffPS denotes the number of different population sizes, then diffPS — 1 reduc-
tions need to be performed. NPy = NP, is the initial population size and NP,
(where p = 1,2, ..., diffPS) is the population size after p — 1 reductions. If g, is the
generation whose population is to be reduced, then:

NP,
NPy = 2
NP,, otherwise.

’ ifg:gra (14)

One individual from the first half of the current population is paired with the indi-
vidual at the same index in the second half. Their fitness values are compared, and
the better-performing individual is placed into the reduced population, which serves
as the parent population for the next generation. On average, one population size
reduction requires % comparisons of fitness values and ¥ copying of individuals.

In (Brest and Sepesy Maucec 2008) the experiment showed that NP;,;; = 200 with
diffPS = 4 gave the best results for D = 30 and NP;,;; = 400 with diff PS = 5 for
D = 60.

2.3.3 FDSADE (Tirronen and Neri 2009)

Tirronen and Neri (2009) proposed the Fitness Diversity Self-Adaptive Differential
Evolution algorithm (FDSADE). Population size is adjusted according to parameter

o

_ or
|fworst - fbest|

¢ (15)
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where o is the standard deviation of the fitness values of individuals, fuwors: and fyest
are the worst and best fitness values, respectively. Population size is modified for the
next generation according to the equation:

NPngl = NPpin + NP, ¥ (1 —¢) (16)

where NP,,;, stands for fixed population size and is the minimum value of the popu-
lation size, NP, stands for variable population size and is the maximum value of the
variable contribution of the population size. The new value of NPy, is then employed
for the next generation: if population size is reduced, only those NPy, individuals
having the best performance are considered for the next steps; if the population is
expanded, the best solutions are duplicated in order to have a population composed
of NPyi; individuals. In the experimental setting, the authors used the following
parameter values: NP,,;, = 10 and NP, = 40.

2.3.4 ADE (Zhabitsky and Zhabitskaya 2013)

Rather than addressing the challenge of determining an appropriate population size,
which depends on the complexity of the function being minimized, Asynchronous
Differential Evolution (ADE) (Zhabitsky and Zhabitskaya 2013) with independent
restart was employed. To balance fast convergence with a high likelihood of locating
the global minimum, the algorithm begins with a small initial population size NP;,;;.
When ADE detects stagnation in the search for better solutions, it triggers a restart
by increasing the population size using a predefined multiplier £ and initiating an
independent search. Reasonable values of k typically lie in the interval [1.2,3.0]. In
their work, they set kK = 2 and NP;,;; = 10.

2.3.5 L-SHADE (Tanabe and Fukunaga 2014)

Tanabe and Fukunaga (2014) introduced an improved version of the SHADE (Tanabe
and Fukunaga 2013) algorithm, called L-SHADE, which uses linear population size
reduction (LPSR) to dynamically reduce the population size during the evolution
process. This represents a simple, deterministic method for population size reduction
that operates with only one control parameter: NP;,;;, which represents the initial
population size. After each generation g, the population size for the next generation
NP g4 is calculated as:

NPend - NPinit

NPy = round ( ( MazFEs

) x nfes + NPim»t>, (17)

where MaxzFFEs denotes the maximum number of fitness function evaluations that the
algorithm has available, nfes denotes the current number of fitness function evalua-
tions, and NP, denotes the final population size and is set to 4. When the population
size is decreased, the worst individuals are removed from the population until the
target population size is reached.

14



Using Eq. (17), the population is linearly decreased from NP;p;; to NP4 based on
the current progress of the optimization process. At the beginning of the optimization
process initial size of the population is set to NP;,; = round(18 x D).

Apart from the introduction of dynamic population size adjustment, all other
aspects of the SHADE algorithm remain unchanged. This includes mechanisms like the
historical memory for control parameters, the archive of individuals, and the mutation
strategy.

3 Review methodology

This study employs a scoping review approach to identify and analyze relevant
research works. The inclusion and exclusion criteria used for study selection are pre-
sented below. The review process generally follows the PRISMA 2020 framework (Page
et al. 2021). The selection process involved searching and screening relevant research
across multiple bibliographic databases. Three major digital repositories were utilized:
Scopus, IEEE Xplore, and Web of Science (WoS). The review process was structured
into four phases: identification, screening, eligibility, and inclusion.

A search for the period 2017-2026 was conducted on May 25th, 2026 (i.e., we
included a period of the first five months of 2026):

e Scopus: TITLE-ABS-KEY ( "differential evolution" ) AND TITLE-ABS-KEY (
"population size" )

e ITEEE Xplore: ("All Metadata":"differential evolution") AND ("All Meta-
data":"population size")

® Web of Science: TS=("differential evolution") AND TS=("population size")

The flow diagram is shown in Figure 1. Specifically, this review considered all
published articles matching the search keywords from early 2017 to May 2026. The
database search identified 1,452 records: 484 from Scopus, 506 from IEEE Xplore,
and 462 from Web of Science (WoS). Additionally, 16 records were added, obtained
through snowballing.

The next stage involved screening the titles, abstracts, and keywords of the
retrieved records. The procedure was conducted as follows: first, the title, abstract,
and keywords of each article were evaluated against the inclusion criteria. If eligibility
could not be determined based on this information alone, the full text of the article
was reviewed. Following the title and abstract screening, 764 records were excluded,
reducing the number of potentially relevant papers to 251.

We were unable to retrieve 3 full-text reports. After a full-text assessment of the
remaining 248 reports using the predefined inclusion and exclusion criteria, 44 reports
were excluded, while 204 studies met the inclusion criteria and were included in the
final set.

In our evaluation, we did not differentiate between studies published in journals
and those published at conferences. Therefore, our final set contains journal and con-
ference articles.

Inclusion criteria: A study was included if it:

e focused on Differential Evolution (DE),
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Fig. 1: PRISMA flow diagram for the selection of papers retrieved from databases.

® employed a population size adjustment mechanism during the evolutionary process,
® was published in a peer-reviewed journal, conference proceedings, or a book chapter
from 2017 onwards.

Exclusion criteria: Studies were excluded if they:

® were not written in English,
® included Differential Evolution only in their experimental comparison,
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® partitioned a large population into multiple subpopulations (either before or during
the evolutionary process),

® used a dynamic population size to encode a variable number of points representing
a single solution (e.g., in UAV path planning problems).

Two papers were excluded since they were not written in English. The final set
includes 204 papers that met the inclusion criteria. During the analysis, the selected
studies were classified into two groups according to the type of population size
adjustment employed:

® linear, and
® non-linear.

A total of 148 papers were assigned to the first group and 56 papers to the second.
The population size adjustment mechanisms proposed in these groups are discussed
in detail in the following section.

4 Population size adjustment in DE-based algorithms

In this section, an overview of DE-based algorithms that utilize population size adjust-
ment published from 2017 onwards is given. The adjustment of the population size
influences both the algorithm’s search capability and computational cost. Mechanisms
in which the population size decreases during the evolutionary process are more com-
monly used in the literature than mechanisms in which the population size increases.
In some research works, both mechanisms are used together, i.e., an algorithm can
decrease and increase the population size depending on how the optimization process
is progressing.

The section is divided into two subsections. The algorithms published from 2017
onwards are grouped according to the primary mechanism used for population size
adjustment:

e Linear population size adjustment in DE-based algorithms (Section 4.1),
e Non-linear population size adjustment in DE-based algorithms (Section 4.2).

It should be noted that this classification is not always straightforward. Some algo-
rithms combine multiple population adjustment mechanisms, such as fixed population
phases followed by linear or non-linear reduction. Others employ heuristic strategies
that adapt the population size based on indicators such as search stagnation, conver-
gence progress, or population diversity. Consequently, the proposed classification is
based on the dominant population adjustment mechanism of each algorithm, although
several methods incorporate features that span multiple categories. The descriptions
presented in this section focus primarily on the population size adjustment mecha-
nisms. Other components of the reviewed algorithms are omitted or discussed only
briefly when necessary to provide context for the proposed population adaptation
strategy.
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4.1 Linear population size adjustment in DE-based algorithms

In this subsection, we present a small subset of DE-based algorithms incorporating
a linear population size adjustment mechanism published since 2017, and for clarity,
the reviewed algorithms are organized chronologically by year of publication. Most of
these algorithms represent the current state-of-the-art and typically combine LPSR
with additional mechanisms, such as adaptive control parameter tuning. However,
numerous other algorithms and studies have employed these approaches to address a
wide range of real-world optimization problems. A comprehensive overview of these
studies is provided in Tables B23 in the Appendix, where the publication type is also
indicated for each reference. The collected literature comprises 107 journal articles
and 41 conference papers.

4.1.1 DMPSA mechanism (Polakova et al. 2019)

In (Polakova et al. 2019), population diversity is used to adapt the population size in
DE. The population size is adjusted based on the current relative diversity RD (see
Egs. (18) and (19)) and the proportion of depleted function evaluations RFES (see
Eq. (20)). The authors suggest keeping the relative diversity close to the target value
rRD, which decreases linearly from 1 (RFES = 0) at the beginning to 0 (RFES = 0.9)
near the end of the search process. The population size is increased by 1 (adding a
random solution) when RD < 0.9 x rRD and decreased by 1 (removing the worst
solution) when RD > 1.1 x rRD.

| M D
DI =,|~p Z Z(fi,j — ;) (18)
=1 5=1
DI
D= 1
R DIinis (19)
RFES — ¢ _ (20)
" MaxFEs

The search process should start with an initial population size NP;,;; and, during
optimization, remains within the range NP,,;, to NP, 4;. The authors recommend
the following values: NP;,;; = 50, NP, = 8, and NP4, =5 X D.

4.1.2 MjSO (Li et al. 2023Db)

Algorithm MjSO (Li et al. 2023b) extends the jSO algorithm with three key modifi-
cations. Firstly, the selection mechanism of p-best individuals, used in the mutation,
is modified so that it assigns a selection probability to each individual. Rather than
treating all p-best individuals equally as is in the base jSO, MjSO assigns a higher
selection probability to better individuals using a probability distribution controlled
by a probability scale factor m and the individuals’ rank.

Additionally, MjSO replaces the traditional mutation strategy DE/current-to-
pBest-w/1 with a directed mutation strategy:
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o {Xi + Fy X (XpBest _Xi) + Fx (Xrl - XT2)7 f(xrl) < f(XTQ) (21)

x; + Fyy X (XpBest - Xi) + Fx (Xrg - XT1)7 f(XTl) > f(XTz)
The external archive is also omitted to avoid excessive use of historically dominant
individuals. Individuals x,, and x,., are therefore selected randomly from the current
population.

During the evolution, the population size is reduced using the standard LPSR
mechanism from NP;,;; = 25 x log(D) x VD to NP, = 4.

4.1.3 APSM-jSO (Li et al. 2023c)

APSM-jSO (Li et al. 2023c) algorithm is an enhanced version of jSO algorithm.
It introduces simple and effective modifications to the selection of the scaling fac-
tor, crossover rate, and external archive update mechanism. An external archive
is utilized alongside linear population-size reduction. Within the jSO algorithm,
the size of the external archive is constrained by a predefined capacity, defined as
|A] = NP x Apqte. Once this limit is reached, a randomly selected individual is removed
to accommodate a newly added one. However, due to this random update mechanism,
certain archive members may persist for many generations, leading to their excessive
reuse—particularly in the later stages of optimization. To mitigate this issue and pro-
mote population diversity, APSM-jSO adopts a first-in, first-out (FIFO) strategy for
archive management. Under this scheme, when the archive reaches its maximum size,
the newly inserted individual replaces the one that has been stored the longest. In the
experiment performed by the authors of the algorithm, the size of initial population
was set to NP;,;; = 75 X D3.

4.1.4 cDE-APAR (Sun et al. 2023b)

Sun et al. (2023b) proposed a cascaded differential evolution optimization framework
with adaptive population allocation and reduction, and the algorithm is called cDE-
APAR. The algorithm improves the performance of a single algorithm by cascading
two DE variants and combining a local search strategy and a global search strategy
to further improve exploitation and exploration. Further, a local search behavior, and
a global search behavior are executed in parallel in the second stage. To allocate
individuals into sub-populations, an adaptive strategy is used. As reduction, the classic
LPSR strategy is adopted to eliminate individuals with poor fitness.

4.1.5 L-SRTDE (Stanovov and Semenkin 2024c)

The Linear population size reduction Success RaTe-based Differential Evolution algo-
rithm (L-SRTDE) (Stanovov and Semenkin 2024¢) is the winning algorithm of the
CEC 2024 competition on single-objective bound-constrained optimization (Qiao et al.
2023). A key feature of L-SRTDE is the utilization of the success rate SR of indi-
viduals for the adaptation of the scaling factor F' and the value of the parameter p.
The mean value used for sampling the scaling factor is calculated using a hyperbolic
tangent function as:

mF = 0.4+ 0.25 x tanh(5 x SR), (22)
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and the actual scaling factor F is then sampled with Normal distribution as:
F =N(mF, 0.02). (23)

Additionally, the success rate is used to set the value of p, which controls the
selection pressure when choosing the pBest individual:

p=0.7xe ¥ (24)

To retain information about good individuals, L-SRTDE maintains two popula-
tions of the same size during the optimization process. The population P™* contains
the individuals of the current generation, while PP contains the best individuals
obtained so far. Mutation strategy DE/r-new-to-ptop/n/t, used in L-SRTDE, differs
slightly from standard DE/current-to-pBest-w/1:

vi=xp" + F % (x;‘g,’est =3V + Fox (xps — xﬁzp), (25)

here x"“ represents an individual taken from P"%, and x'°P represents and

individual taken from P?P.

Both populations are subjected to linear population-size reduction (LPSR),
decreasing from NP;,;; to NP.,q;. The authors recommend NP;,; = 20 x D and
NP,,.q = 4, the latter is the smallest population size with which the proposed mutation
can be carried out.

4.1.6 DSDCDE (Deng et al. 2025)

Population reduction strategies typically use only one evaluation criterion—based
solely on fitness—to decide which individuals to remove. As a result, individuals
tend to accumulate around local optima, while potentially valuable candidates may
be discarded too early. This weakens the algorithm’s exploratory and exploitative
abilities and increases the likelihood of becoming trapped in local optima. The dual-
space-based population size adaptation (DSPSA) (Deng et al. 2025) method exploits
both fitness- and search-space information to adapt the population size. It adap-
tively adjusts population size using dual-space information. This makes it possible
to eliminate individuals with limited potential while preserving those that are more
promising, which in turn enhances the algorithm’s capability to avoid local optima.
Its first implementation appeared in the DSDCDE algorithm (Deng et al. 2025).

The DSPSA begins by computing the cosine similarity between each individual in
the current population x; , and the current best individual Xpest, ¢:

D

§ J J
mi,g X xbest,g

Xi g X Xbpest J=1
0S, = OS(x; - Xig = -
i (Xz,gaxbesmg) ||Xi,g|| X ||Xbest,g” D ( )

Jj=1 Jj=1
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Next, the fitness values and cosine similarity values are sorted—fitness in ascending
order and cosine similarity in descending order—yielding two separate rankings for
each individual: a fitness ranking Rankic “#ness and a cosine-similarity ranking Rank(®.
These two ranks are then combined to produce a final rank for each individual:

Rank; = Rank!™"*** + Rank{®. (27)

Individuals with the lowest ranks are deleted. The population size for the next
generation is determined by:

(NPend - sznzt)
MazFFEs

NP, = {Npinit + X ”f65J~ (28)

NP;,i: is set to 18 x D, and NP, 4 is set to 4. The population is divided according to the
individuals’ fitness values into three groups: an elite subpopulation (P.), a mediocre
subpopulation (P,,), and an inferior subpopulation (P;). The relationships between
the full population and these subpopulations are given by the following equations:

P=P,UP, UP,. (29)

The individuals are first sorted according to their fitness values, after which the
population is dynamically partitioned into three subpopulations. Depending on the
chosen proportions, the population is divided into an elite group, a mediocre group,
and an inferior group, with sizes 100p% x NP, (1—2 x 100p%) x NP, and 100p% x NP,
respectively. Consequently, the relationship between the overall population size and
the sizes of the three subpopulations can be expressed as follows:

NP = NPEP 4 NPMP - NPIF, (30)

NPEP is the size of the elite group, NPMF the size of mediocre group and NP the
size of the inferior group. The parameter p varies adaptively throughout the evolution,
and its value is determined as follows:

Pmaz — Pmin « nfes, (31)

P = Pmin + MaxFFEs

where parameter ppq; = 0.25 and pp, = 0.125 are set as in jSO (Brest et al. 2017).

4.1.7 FODE (Wang et al. 2025a)

Wang et al. (2025a) proposed Fractional Order DE (FODE) to enhance DE per-
formance from two aspects. First, it uses the bi-strategy co-deployment framework,
where the population-based and parameter-based strategies are combined. Second,
the fractional order (FO) calculus is applied to the differential vector to enhance DE’s
exploration ability by using the historical information of individuals. The FODE algo-
rithm applies the LPSR strategy (see Eq. (10)) and uses the initial population size of
NPinit =18 x D.
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4.1.8 mLSHADE-SPACMA (Fu et al. 2025)

Modified LSHADE-SPACMA, called mLSHADE-SPACMA (Fu et al. 2025), is an
upgrade of the CEC 2017 winning algorithm with a new mutation strategy and
external archiving mechanism.

The mLSHADE-SPACMA algorithm introduces a more accurate mechanism for
eliminating and generating individuals to enhance the algorithm’s local exploitation
ability. It also improves the mutation strategy based on a modified semi-parametric
adaptive strategy and rank-based selective pressure, which improves the algo-
rithm’s evolutionary direction. Additionally, it uses the elite-based external archive
mechanism.

LPSR is used in the mLSHADE-SPACMA algorithm with NP;,;; = 18 x D and
NP.,.q = 4.

4.1.9 TPADE (Gong et al. 2025)

To address the problem of premature convergence, Gong et al. (2025) introduced
Triple-population-based Adaptive Differential Evolution (TPADE), which improves
evolutionary efficiency by dividing the current population based on objective val-
ues into three sub-populations: superior, medium, and inferior. It adopts the linear
population size reduction (LPSR) mechanism from L-SHADE, while the sizes of the
superior (SN, ), inferior (INy), and medium (MN,) sub-populations are determined
by the following equations:

nfes
INg = SNg == LNPg X (pmin + (pmar *pmzn) X M)J ) (32)

MNy = NP, — IN; — SNy, (33)
where prin and ppqe, are control parameters and NP, is the population size in the g-
th generation. Each sub-population uses distinct operators to maintain diversity and
guide search directions, and superior trials can replace inferior individuals, adding
valuable directional information for the next generation.
As already mentioned, TPADE uses the LPSR mechanism with NP;,;; = 18 x D
and NP,,;, = 10.

4.1.10 L-SRTDEwPSM (Popic et al. 2025)

Algorithm L-SRTDEwPSM (Popic¢ et al. 2025) further extends L-SRTDE with the
incorporation of a p-best selection mechanism (PSM). This mechanism provides a
stricter criterion for selecting the p-best individual to be used in the mutation strat-
egy by enforcing a minimum distance r between the individual selected as p-best
and all other better individuals. This ensured that candidates suitable for x,p.s: are
not clustered together in the search space, thereby increasing the algorithm’s explo-
ration potential. In L-SRTDEwPSM the minimal distance r is calculated based on
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the problem dimension D and control parameter R as:

vD
= — 34
r R ’ ( )
where authors have set R = 5000.
As in the base L-SRTDE, this algorithm still uses two separate populations that
are linearly reduced with LPSR from NP;,;; = 20 X D to NP,,q = 4.

4.2 Non-linear population size adjustment in DE-based
algorithms

This section provides an overview of DE-based algorithms that incorporate the
NLPSR mechanism for population size adjustment. A total of 56 algorithms pub-
lished since 2017 are reviewed. The corresponding publications are summarized in
Table B24 in the Appendix, where the publication type is indicated for each refer-
ence. The surveyed literature comprises 45 journal articles, 10 conference papers, and
1 book chapter. For clarity, the reviewed algorithms are organized chronologically by
year of publication.

4.2.1 CAPR (Wong et al. 2017)

Continuous Adaptive Population Reduction (CAPR), proposed by Wong et al. (2017),
gradually reduces the population size according to the change of gradient of the fitness
value.

A A
of =9 if0< —2 <1,

NPy =\ By A,y (35)
NP, otherwise,
A = fan(XQ) - favg(xg—l) A, 1 = favg(xg—l) - favg(xg—Q). (36)
g favg(xg) ’ g favg(ngl)

fave(x4) denotes the average fitness function value of the individuals in the population
at generation g, and « controls the population reduction rate. The authors set o to
100.

4.2.2 IDEbd (Bujok and Tvrdik 2017)

The population size in (Bujok and Tvrdik 2017) is adjusted dynamically based on
the relative diversity of the population compared to a target linear decrease. Popula-
tion diversity is computed as the root mean square deviation of individual from the
population center:

NP D

. 1 -
Div = NP Z Z<m” — ;)2 (37)

i=1 j=1
where Z; is the mean of the j-th dimension. Ideally, relative diversity, defined as
current diversity divided by initial diversity, should decrease linearly with the relative
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number of function evaluations. The authors allowed a tolerance band of £+0.1 around
this linear trend. If the current diversity falls below the expected level, a new random
individual is added to increase diversity, and if diversity exceeds the expected level,
the worst individual is removed.

4.2.3 EsDEr-NR (Awad et al. 2018)

The algorithm Ensemble sinusoidal DE with restart strategy and niching-based
population size reduction (EsDEr-NR) (Awad et al. 2018) introduces three key mod-
ifications to L-SHADE algorithm. Firstly, it employs an ensemble sinusoidal scheme
for adapting the scaling factor F' during the first half of the maximum number of
generations. For the second half of the generation, the Cauchy distribution is used to
adapt the scaling factor F'.

Secondly, when the population size is reduced to 20 individuals, they perform their
restart strategy, in which the 10 worst individuals are reinitialized. Then the Gaussian
walk is conducted to generate 10 new individuals from the reinitialized ones.

Lastly, EsDEr-NR utilizes a niching-based population size reduction. Population
size remains unchanged for the first 50% of MaxFFEs, then the Euclidean distance
between the best individual xp.s; and every other individual is calculated, and the
population is sorted based on this distance. The first half of the sorted population is
grouped in the first niche, and the second half of the sorted population is grouped
in the second niche; here, both niches contain % individuals. Then, the new target
population size is calculated according to Eq. (38), and individuals closest to the best
individual from the second niche are removed.

NPmin - NPznzt

NP, = round < VarFEs

x nfes + NPim-t> (38)

In their paper, the authors used NP;,;; = 18 x D and NP,,;, = 4.

4.2.4 dyn-NP in LSGO (Maucec et al. 2018)

In (Maucec et al. 2018) the dyn-NP mechanism (see Section 2.3.2) was applied to
solve the large-scale global optimization (LSGO) problems. Parameters in the exper-
iments were set as follows: NP;,;; = 3200 and NP,,4 = 50.

4.2.5 EAGDE (Mohamed and Mohamed 2019)

Mohamed and Mohamed (2019) proposed the Enhanced Adaptive Guided Differential
Evolution algorithm (EAGDE). It employs a non-linear population size reduction,
which gradually decreases the population size according to a non-linear function:

nfes )X

NPgi1 = round | NPinit + (NPepg — NPinit) X (m

; (39)
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where X is calculated as: r
nfes
X=1 (Ma:EFEs)' (40)

The main idea of this population reduction technique is to delete a larger number of
bad solutions during the early-to-middle stages of the evolutionary process without
affecting the algorithm’s exploration capability, and to delete a smaller number of
individuals during the middle-to-late stages to enhance the algorithm’s exploitation
tendency (Mohamed and Mohamed 2019).

The EAGDE algorithm was tested by solving the CEC 2013 benchmark problems.
The initial population size NP;,;; was set to 10x D, 6 x D and 4 x D for the dimensions
10, 30 and 50, respectively.

4.2.6 HARD-DE (Meng and Pan 2019)

The algorithm Hierarchical ARchive Based Mutation Strategy With Depth Informa-
tion of Evolution (HARD-DE) (Meng and Pan 2019) employs a parabolic population
size reduction scheme to slow down the decrease of population size at the beginning
of the evolution. In general, the parabola is required to pass through two points:
(NPinit, NPipit) and (MazFEs, NP.,.q).

Using the Pivot = (x,y), where z-axis denotes the current number of function eval-
uations and y-axis denotes the current population size, the population size reduction
scheme is defined as:

— NP, .
[élfjvipm”)z x (nfes — NPinit)® + NPinit]; if nfes <z,
NPg+1 = _ NP-m# (41)
hiNiPmlt) x (nfes o Ma:L’FEs) + NPendJy otherwise,
- end
where

2 1
T = 3 X MazxFFEs, Y= 3 X NPjnit-

It is a combined parabolic-linear population size reduction scheme. When Pivot =
(MazFEs, NP,,q4), the pivot-based population size reduction strategy simplifies to a
parabolic reduction scheme. Conversely, when Pivot = (NP;nit, NPipit), the pivot-
based approach reduces to a linear population size reduction scheme. The initial
population size NP;,;; and the final population size NP,,4 are set following the same
procedure as in jSO.

4.2.7 PaDE (Meng et al. 2019a)

A rapid decrease in population size at the beginning of evolution—as used in lin-
ear population-reduction schemes—can impair the algorithm’s ability to explore the
search space and to perceive the landscape of certain objective functions. To address
this problem, the PaDE (Meng et al. 2019a) algorithm uses a parabolic population-size
reduction model similar to that described in Section 4.2.6. This parabolic reduction
model is shown in Eq. (42).
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"(ymth X (nfes — NPmit)Q + Npim't-‘ , if nfes <,

- NP’L’I’L’L
M=) NP ! (42)
\‘Z:NP:ZZS x (nfes — MazFEs) + NPendJ , otherwise.

Here, the Pivot = (z,y) = (% x MaxFEs, % X NPjn;t) represents the default setting
for the adaptation of population size. The parameters recommended by the authors
are NP;,;; = 25 x log(D) x VD and NP,,q = 4.

4.2.8 ESHADE USM (Kumar et al. 2019)

Kumar et al. (2019) proposed an enhanced version of the multi-operators variant of DE
(MODE). MODE employs multiple mutation and crossover strategies within a single
DE algorithm structure. In the enhanced version of MODE, named ESHADE USM,
in addition an exponential population size reduction (EPSR) technique is used:

(43)

sznz - N-Pen g
NP, 1 = NPjp;; x round (1 — X td) .

MazxzFFEs

~ is a parameter to control the exponential curve. NP,,4 equals to 4 and NP;,;; equals
to 18 x D.

4.2.9 PE-SHADE’19 (Zhang et al. 2019)

An enhanced algorithm with a population entropy-based population adaptation strat-
egy has been proposed under the framework of SHADE (PE-SHADE) (Zhang et al.
2019). A method to calculate the entropy of the population is introduced, and the pop-
ulation size is adapted according to the distribution state with a population increasing
strategy and a population reduction strategy.

For each generation g, the population entropy value F is calculated. For a descrip-
tion of how the population entropy is calculated, see (Zhang et al. 2019). Here,
the population entropy value is defined by the multiplication rather than the more
common summation.

The ratio R is expressed as follows:

By
R =291 44
E, (44)

If R > 1, the population entropy is increasing, which means that the population has a
tendency to diverge within the search space. On the contrary, if R < 1, the individuals
are converging in the search space.

The population size is increased until 0.2 x MaxFFEs function evaluations are used;
thereafter, the reduction strategy is applied. The population size varies in a given
range, and the upper bound NP,,,; and lower bound NP,,;, of the population size are
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initialized as 10 x D and D, respectively. The NP;,;; was set to be 100. The average
value of the R, denoted by R,.g, is calculated for every N generations (using the
modulo operation g mod N = 0).

When nfes < 0.2 x MazFEs then rate; X NP, individuals are randomly generated
if rand(0,1) > Rgy4. If the population size exceeds the upper bound NP,., it is
truncated to NP,,q.. When the number of evaluations nfes > 0.2 x MazFFEs then the
worst rates x NP, individuals are removed from the population if rand(0,1) < Raug-
In order to avoid the population size exceeding the lower bound, the population size
can be reduced at most to the lower bound. The parameter values for rate;, rates,
and N were 0.3, 0.05, and 4, respectively.

4.2.10 eL-SHADE (Khan et al. 2020)

Khan et al. (2020) proposed Enhanced Linear population size reduction technique of
Success History based Adaptive Differential Evolution (eL-SHADE). The eL-SHADE
algorithm employs the NLPSR scheme, i.e., a parabolic population size reduction
(PPSR), as defined in Eq. (45).

NP,,q — NP,

NP1 = [ (G — NP,)?

X (9= NPy)? + NP, | (45)

In their experiments, the initial population size was set to NP;,;; = 500, the final size
to NP.,q; = 150, and the maximum number of generations to G = 5000.

4.2.11 SAEDE-EP (Budiman et al. 2020)

The SAEDE-EP algorithm (Budiman et al. 2020) employs an adaptive population
sizing mechanism based on the stagnation of the best solution. The stagnation level is
measured by the variable gyest,q, which counts the number of consecutive generations
without improvement of the best individual

_ Oa if f(xbest,g) < f(xbest,g—1)7 (46)
Toest,g Qbest,g—1 + 1, otherwise.

When the stagnation counter exceeds a predefined threshold, the population size
adaptation mechanism is activated. A growth factor R, is selected either from a
predefined pool of candidate values or from a memory of previously successful values.
Reader interested in details is refered to original paper (Budiman et al. 2020) . The
population size for the next generation is then calculated as:

NP, 1 =int (Ry41 x NP, + NP, +0.5). (47)
If no significant stagnation is detected, the population size remains unchanged. The
main objective of this mechanism is to increase population diversity when the search

process stagnates, while preserving efficient population sizes when the optimization
progresses successfully.
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4.2.12 APDE (Zhang et al. 2020)

Particularly in large-scale global optimization (LSGO) problems, it is important to
efficiently utilize all generated solutions and maintain sufficient population diversity
under a limited fitness evaluation budget. APDE, proposed by Zhang et al. (2020),
employs a dual population control strategy consisting of population increase (pop _inc)
and population decrease (pop_dec).

When the best solution remains unchanged for a predefined number of iterations,
inferior trial vectors are allowed to enter the population, increasing diversity and
helping the search escape stagnation. If the x5 has not been changed for T iterations
and NP is smaller than NP,,.., the trial vector u; is added to the population. In
(Zhang et al. 2020), T was set to 15.

To prevent excessive population growth and maintain computational efficiency, a
population reduction strategy periodically removes ineffective individuals based on
their fitness and stagnation history. To decide which individual to be deleted, a factor
named "degradation value” (dg) of individual is defined as:

f(xi) — f(xbest) +1.0
f(Xworst) - f(Xbest) + 1.0

dg(x;) = x notChange,. (48)

notChange,; records how many iterations the individual x; has not changed. A high
degradation value dg(x;) suggests that the fitness of x; is close to that of the worst
individual or that the solution has remained unchanged for many generations. Con-
sequently, x; is regarded as ineffective and is removed from the population. If NP
reduces to NP,,;,, the deletion process stops.

The pop_inc and pop _dec strategies ensure that the population size is maintained
between NP,,;, and NP,,... In their experiments, NP,,;, was set to 50 and NP, to
100.

4.2.13 PaDE-NPC (Meng et al. 2020b)

Meng et al. (2020b) proposed the PaDE-NPC algorithm. The population at the early
stage of the evolution process is kept fixed, then, when nfes > plat x MazFFEs, LPSR
is applied. If we combine these two curves, a new non-linear curve is generated. The
detailed equation of population size reduction in PaDE-NPC is:

nfes — plat x MaxFFEs
(1 — plat) x MazFEs

NPngl = { X (NPend — NPinit) + NP””tJ . (49)

In their experiments plat was set to 0.15, NP ;,;; = 25 log(D)@ and NP.,q = 4.

4.2.14 DE-NPC (Meng et al. 2020a)

DE-NPC, proposed by Meng et al. (2020a), uses a combined parabolic-linear pop-
ulation size reduction mechanism with pivot = (x,y), as proposed in HARD-DE
(see Section 4.2.6). When pivot = (MazFEs, NP,,4), the population size reduc-
tion is degraded into the parabolic population size reduction scheme and when
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pivot = (NP;pit, NPt ), the population size reduction is degraded into a linear popu-
lation size reduction scheme. Furthermore, the population update and external archive
maintenance are performed in the same manner as in L-SHADE. In their experiments
the authors used NP;,;; = 25 X log(D)@ and NP.,q = 4.

4.2.15 ADDE (Zhan et al. 2020)

An adaptive distributed differential evolution (ADDE), proposed by Zhan et al.
(2020), uses three populations named exploration population, exploitation population,
and balance population. They are co-evolved concurrently by using the master—slave
multipopulation distributed framework.

In ADDE, population size is adjusted based on the best solution improvement:

|f(xbest,g) - f(xbest,g—CG)‘
‘f(xbest,g—CG”

(50)

f(Xbest,g) is the fitness of the current best individual, f(Xpest,g—cc) is the fitness of the
best individual CG generations earlier. The authors set CG = 30 generations. When
the improvement of the best solution exceeds the threshold 6, the population size is
decreased by removing the NG worst individuals and storing them in the archive,
reducing the population size to NP — NG. If the improvement of the best solution
is below the threshold 6, the algorithm is considered to be stagnating. In this case,
NG individuals are randomly selected from the archive and added to the population,
increasing its size from NP to NP + NG and enhancing population diversity. Authors
set NG = 0.4x D. As the evolutionary process progresses, the improvement of the best
solution typically becomes smaller. Therefore, the threshold @ is gradually reduced
during the search using the exponential model:

0 — 10—1—4><nfes/MaxFEs. (51)

NP, and NP,,,, are used to control the bound of the population size. In their
experiments, NP,,.. = 10 x D and NP,,;, =2 X D.

4.2.16 FADE (Xia et al. 2021)

Xia et al. (2021) proposed a Fitness-based Adaptive Differential Evolution algorithm
(FADE). In FADE, the entire population is split into multiple (ss = 3) small-sized
populations and three popular breeding strategies are saved in an archive which can be
utilized by the multiple populations. The population size can be adaptively adjusted
during the evolutionary process according to the performance of the best individual.

During the evolutionary process, the population size needs to be within an interval
[NPrinys NPpmaz|. The adaptation of population size in FADE includes two processes:

® deleting-individual process, and
® adding-individual process.

They are based on the successive generations of improvement of the global best indi-
vidual and on the successive stagnation generations of the global best individual,
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respectively. When deleting individuals from the current population, those individuals
with the worst fitness are deleted from the population. The elites of all subpopula-
tions in each generation are saved in an archive and used to generate a few promising
individuals (Xia et al. 2021). Parameters in FADE are:

® ss =3, NP, = 25 x ss = 75 for 30D problems, and NP;,;; = 40 x ss = 120 for
50D problems.

® MaxGimp = MazGsiag = 2, which means that individuals with the worst fitness are
deleted when the successive improvement generations of the best individual is larger
than 2, and new individuals are added into the current population when successive
stagnation generations of the best individual is greater than 2. In FADE, nd = 6
individuals are deleted from the population when performing the deleting-individual
process, and na = 3 individuals are added into the population when conducting the
adding-individual process. Note that 6 and 3 are divisible by subpopulation size ss.

® NP,n = N—Pznzt/g and NPpq; = NPipis.

In FADE, after adding a few individuals to the current population, individuals in the
population are randomly divided into multiple equal-sized subpopulations.

4.2.17 NL-SHADE-RSP (Stanovov et al. 2021)

The NL-SHADE-RSP (Stanovov et al. 2021) integrates several key mechanisms,
including a rank-based selective pressure applied within the mutation strategy, adap-
tive utilization of an external archive, a dedicated set of control rules for dynamically

regulating the crossover rate, and a non-linear population size reduction scheme
defined as:

nfes )(“szifEs)

NP,y = round ((NPend — NPinit) X < MazFEs

The NLPSR scheme employed in this work is similar to that proposed in
EAGDE (Mohamed and Mohamed 2019). In their experiments, the initial population
size was set to NP;,;; = 30 x D and the final size to NP,,q = 4.

4.2.18 CS-DE (Meng et al. 2021)

The Cooperative Strategy based DE (CS-DE) (Meng et al. 2021) algorithm introduces
an elliptic-linear population size reduction scheme. A fast reduction of the population
size in the early phases of evolution can hinder exploration of the search space and, as
a result, degrade optimization performance. To improve exploratory behavior, a more
gradual decrease in population size is desirable. For this purpose, the CS-DE algorithm
introduces a new population-size adaptation mechanism that combines elliptic and
linear reduction strategies.
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2 2
{\/NPﬁn-t — Npmxli’;_y X nfesg-‘, if nfes < x,
{ NPinit — y
MazxFFEs — x
Pivot = (x,y) is the pivot that connects the ellipse and the line. Elliptic
population-size reduction is applied during the early stage of evolution, whereas lin-
ear reduction is used in the later stage. CS-DE algorithm used the following values
for x and y:

NPyyy = (53)

x (nfes — ) + yJ ,  otherwise.

2 1
T = 3 X MaxFFEs, Yy = 3 X NPinit-

In their experiments, the initial population size was set to NP;,; = 25 X log (D) X

VD — 6.

4.2.19 Crowding-based dynNP-DE (Zhong et al. 2021)

Zhong et al. (2021) proposed an improved crowding-based dynamic population size
differential evolution (crowding-based dynNP-DE). It applies non-linear population
size reduction dyn-NP-DE (see Section 2.3.2) proposed in (Brest and Sepesy Maucec
2008).

4.2.20 Hip-DE (Meng and Yang 2021)

Hip-DE, defined in (Meng and Yang 2021), employs a population size adjustment
mechanism similar to that of TDE; however, instead of using linear population size
reduction (LPSR), it adopts a stepwise reduction scheme based on the number of
function evaluations.

4.2.21 SLDE (Zeng et al. 2022)

Sawtooth-Linear Population Size Adaptive method (SLPSA) (Zeng et al. 2022) com-
bines the characteristics of linear and sawtooth functions to improve the ability of the
algorithm to jump out of a local optimum. It regulates population size using a saw-
tooth—linear control function. Although the overall population size decreases as the
algorithm progresses, periodic injections of additional individuals cause temporary
increases in population size. These individuals are drawn from an external archive
that stores previously discarded trial vectors. Through this mechanism, SLPSA adap-
tively manages population diversity, enhancing both the exploration and exploitation
capabilities of the algorithm. The population size update formula has the form:

NPy =round(a X fi + (1 —a) x fi X fs), (54)

(Nsz,t - NPend)
MazFEs ’
fs = sawtooth(W x g). (56)

fi = NPjnit — nfes x (55)
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where, f; denotes a bilaterally symmetric sawtooth function with a range of [—1, 1],
and W represents its period. The variable g corresponds to the current generation, f;
is a linear function, and « is a weighting coeflicient constrained to the interval [0, 1].
In the original study, o was set to 0.95. When « takes a large value, the influence
of the sawtooth function on population size becomes negligible. In the limiting case
where a = 1, SLPSA reduces to LPSR. Conversely, smaller values of a amplify the
effect of the sawtooth function, leading to pronounced fluctuations in population size.
SLPSA method was implemented in the SLDE algorithm. In their experiments, the
initial population size was set to NP;,;; = 14 x D 4+ 14 and the final size to NFP,,q = 4.

4.2.22 DPSHADE (Li et al. 2022b)

Dynamic population reduction differential evolution algorithm (DPSHADE) is pro-
posed in work (Li et al. 2022b). The dynamic population size reduction (DPSR)
mechanism combines the linear and nonlinear population size reduction. It uses the
nonlinear reduction to dynamically reduce the population size before half of the target
function evaluations are used:

NP1 = round((zvpmd — NPyiy) x M + NPM), (57)

where M is calculated as follows:

M= ! . (58)

14 ( 10 x nfes )
exp| — ———
P MazFEs

After 50% of target function evaluations, the linear method is used:

NPend - sznzt

NPy = round ( MazFFEs

X nfes + NPmit>. (59)

In their experiments, the initial population size was set to NP;,;; = 18 x D and the
final size to NP,,q = 4.

4.2.23 ExR, LoR and PaR mechanisms (Najarro et al. 2022)

For solving the localization problem of target nodes in wireless sensor networks,
Najarro et al. (2022) proposed three new population size adaptation mechanisms:
exponential, parabolic, and logistic reduction.

In the exponential reduction (ExR) mechanism, the reduction of the population
size follows an exponential decay as the generation index g increases:

NPyy1 = round((NPimvt — NP,pg) % B9 + NPmd>, (60)
where 0 < 8 < 1 is the control parameter of the ExR mechanism controlling how fast

the population size reduction happens. The parameter 5 was set to 0.9.
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The logistic reduction (LoR) mechanism has a smooth transition from exploration
to exploitation by utilizing the population size reduction. It is conducted according
to an inverse logistic function:

1

NP, = round((NPimt — NPepq) x (1 TR

) + Npend)7 (61)

where 0.1 < X denotes the control parameter of the LoR mechanism controlling how
smoothly the population size changes from the initial value NP;,;; to the lower bound
NP,,q. In their experiments parameter A\ was set to 0.2.

In the parabolic reduction (PaR) mechanism, the population size reduction follows
a parabolic decay during the evolution process:

Npinit - NPend

NPy = round (( Iz

) x(g- 2+ NPM). (62)

It is worth mentioning that, unlike the other two mechanisms described above, the
PaR mechanism does not require control parameters.

4.2.24 NL-SHADE-RSP-MID (Biedrzycki et al. 2022)

Biedrzycki et al. (2022) proposed an enhanced version of NL-SHADE-RSP (Stanovov
et al. 2021), named NL-SHADE-RSP-MID. In NL-SHADE-RSP the population size is
reduced in the function of the utilized budget. To accelerate the reduction of the pop-
ulation size, NL-SHADE-RSP-MID replaces the original population update function
with a homographic function:

1
NP, = .
g+l {“1 X100 4257 % agJ (63)

b is the number of evaluations performed during the current restart. a; and as are the
parameters set so that the population size equals 400 at the beginning of the restart
(b = 0) and decreases to 20 at the end of the available evaluation budget for that
restart.

4.2.25 IPM-DE (Morales-Castaneda et al. 2022)

Morales-Castaneda et al. (2022) employed Improved Population Management (IPM)
to dynamically adjust the population size during the evolutionary process. IPM con-
sists of two operators: the Stagnation Correction Operator (SCO) and the Exploitation
Efficiency Operator (EEO).

The SCO operator is activated when the population diversity (Eq. 64) does not
change significantly for a predefined number of generations, denoted by LimitCount.
In this case, NP;,;; randomly initialized individuals are added to the population to
increase diversity.
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12D
Div = Z Div; (64)

D«
Jj=1
L e
Div; = NP Z |median(z;) — x; ;| (65)
i=1

median(z;) is the median values of the jth dimension. The EEO operator compares
the current population diversity (Eq. (64)) with the maximum diversity observed so
far. Two scenarios are distinguished. When the current diversity falls below 10% of the
maximum diversity, the algorithm is considered to be entering the exploitation phase,
and the population size is reduced to NPpegin individuals. When the diversity falls
below 2% of the maximum diversity, the algorithm is considered to be in a late stage
of exploitation, and the population size is further reduced to NP, individuals. In
their experiments, the authors used LimitCount = 10, NPyegin, = 30 and NPy = 10.

4.2.26 PDcDE (Yu et al. 2022)

The authors in (Yu et al. 2022) split the population into two subpopulations: the first
contained the best | N/4| individuals for exploitation, and the second population for
exploration. The population size is adjusted using the proposed auto-controlled strat-
egy. Two counters track consecutive improvements or stagnation of the best solution.
When the optimization process is stable, and the best solution improves for L con-
secutive iterations, the worst individual is removed, thereby accelerating convergence.
On the other hand, when stagnation is detected, and no improvement in the best solu-
tion occurs for L consecutive iterations, a randomly generated individual is added to
increase diversity and help escape local minima. The population size is bounded by
NP,,o: =18 x D and NP,,;, = 8 x D, while the authors set the threshold L = 10 in
the experiments.

4.2.27 TDE (Meng and Yang 2022)

TDE, proposed by Meng and Yang (2022), utilizes a large fixed population initially
and switches to a linear population size reduction strategy in the later stages of the
search:

NF,, if nfes < ps x MazFFEs,

NP, 1 =< NP. ., NP.. (66)
’ (1 _e;;i) Max;;g’s x nfes + NPy, otherwise.

ps is set to 0.05. The population size is kept constant during the first 5% of the
search budget and then decreases linearly toward a predefined minimum population
size for the remainder of the optimization process. In their experiments, NP;,; =
25 x log(D)v/D and NP4 = 4.
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4.2.28 FL-ADE (Zheng and Luo 2022)

An adaptive DE based on fitness landscape (FL-ADE), proposed by Zheng and Luo
(2022), adapts the population size based on the fitness landscape.

NP = round [(NPinit — NPrin) X ¢ + NP i . (67)
¢ is the local fitness landscape characteristic value. When ¢ is close to 0, it is close
to the unimodal local fitness landscape, and NP is close to NP,,;,; when ¢ is close
to 1, it is close to the multi-modal local fitness landscape, and NP is close to NP;,;.

Readers interested in details on how ¢ is determined are advised to read the paper
(Zheng and Luo 2022). FL-ADE alters the population size following the equation:

NPFL _|_ Nplinear
round ( g+l 5 gt , if nfes < FESy,
NPgy1 =

(68)

min(NPgF‘Jfl? NP;Tf”) ) otherwise.

NPngf‘" is LPSR mechanism (see for example Eq.(38)), FES; = i x MazFEs,
NP;i = 25 x log(D)V/D, and NP,;, = 4.

4.2.29 Mechanism PPSCM (Pereira de Lacerda et al. 2022)

Pereira de Lacerda et al. (2022) proposed a parameterless population-size control
mechanism applicable to both evolutionary and swarm-based algorithms. We refer
to this mechanism as PPSCM. The method dynamically increases or decreases the
population according to the progress of the search. Population reduction is triggered
when improvements in the global best solution are observed, promoting exploitation,
whereas stagnation encourages population growth to enhance exploration. The adjust-
ment is governed by a population-change velocity, and newly added individuals are
generated around existing promising solutions while removed individuals are selected
through a fitness-based procedure.

4.2.30 PRS (Li et al. 2023d)

Population reduction with individual similarity (PRS) (Li et al. 2023d) employs a
linear differential decrease method to automatically determine the optimal population
size for each generation.

2
nfes
= NPinit + (NPupg — NPin; )
NPg+1 NP'mzt + ( end znzt) X (MGIFES) (69)
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The current population is divided into two subgroups of equal size according to
individual similarity, which is computed using the cosine similarity:

D . .
Zwig x xg-&-Lg
Xig X Xitl,yg j=1
1S; = IS(x; ; = = . 70
A I i > (70)
(l.g,g)2 X Z(xg-l—l,g)Q
j=1 j=1

First, the similarity between each individual and the best individual Xpest,q is com-
puted. Individuals are sorted in descending order according to their similarities, and
then split into two subgroups. Individuals in the first subgroup are more similar to the
best individual than the individuals in the second subgroup. When population reduc-
tion is necessary, individuals are eliminated from the second subgroup based on their
similarity to the best individual in this subgroup. After the elimination, the subgroups
are merged into the current population that needs to evolve.

Liet al. (2023d) incorporated the PRS strategy into five basic DE and six advanced
DE algorithms to evaluate the effect of PRS. In their experimental setup, the param-
eters related to population size reduction were set to NP;,;; = 400, and NP,,; was
assigned values between 4 and 7, depending on the mutation strategy employed.

4.2.31 Algorithm with Fluctuant Population (FP) strategy (Sun
et al. 2023a)

The algorithm, proposed in (Sun et al. 2023a), uses the DE/best/1 mutation strategy.
The population size in the next generation is highly variable during the optimization
process. The individuals are divided into two groups: the current population (Group
A) and the spare group (Group B). In the FP strategy, the parameter MP is calculated
as follows:

(% - 1) X (MazFEs — nfes)
Mp =D

MazFEs
and then NP, is expressed as follows:

+ 1.

NP, = round [(MP % D — NPyin) X 0.5 x (cos (%) + 1)] 4 NPin.
(71)

Compared to the population size NP, of the previous generation, if NP, < NP,
the worst NP, — NP, individuals are removed from Group A and transferred to
Group B. Conversely, if NPy 1 > NP,, the best NP, — NP, individuals are selected
from Group B and added to Group A.

The parameters NP;,;; and NP, were set to 5 x D and 15, respectively.
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4.2.32 HPDE (Meng and Zhang 2023b)

A slower decrease in population size during the later phases of evolution, together
with an appropriately designed mutation strategy, can help the algorithm escape cer-
tain local optima. Motivated by this insight, Meng and Zhang (2023b) refined the
population-reduction scheme used in PaDE as follows:

NPg+1 =

{ NPepg — NPy

5 X (nfes — NPinit)? + NPt |, if nfes < 0.5 x MaxFEs,
(2MazFEs — NPiy)

NP,pqg — + NPy,
elnd 377wt (nfes — MaxFEs) + NPepq |, otherwise.
sMazFEs
(72)
The parameters were initially set to NP;,;; = 18 x D and NP,,4 = 4.

4.2.33 AGDE-MPP (Zhang et al. 2023a)

Zhang et al. (2023a) proposed Adaptive Guided Differential Evolution algorithm on
Mutation, Parameter and Population (AGDE-MPP), which has improved the DE
algorithm by adopting a new mutation scheme, a parameter adaptation scheme, and a
non-linear population size reduction strategy. AGDE-MPP uses a hyperbolic tangent
function in a non-linear population size reduction strategy:

NP’L’m’t + NPend Npim't - Npmm
2 + 2

MazFEs — nfes
MaxFFEs

NP1 = xtan (—3+6x ). (73)
The reduction strategy controls the population size according to the hyperbolic tan-
gent function curve between [—3,6]. In the early stage of the evolutionary process,
the convergence speed of the population size function is slow. In the middle stage,
the population size decreases linearly. In the later stage, the convergence speed of the
curve slows again, so the population size is decreased non-linearly. To promote the
exploration capability in the early stages of the evolutionary process, the population
size is relatively large to ensure population diversification. In the later stages of the
evolutionary process, the population size no longer decreases to find the optimum with
as few individuals as possible. The population size of AGDE-MPP in the first three
quarters of the evolutionary process is relatively large, helping avoid the solution from
being trapped in a local optimum.

Additionally, the AGDE-MPP algorithm (Zhang et al. 2023a) sets different initial
population sizes for different dimensions to avoid premature convergence. The final
population size NP,,q was 12 and the initial population size NP;,;; was 10 x D, 6 x D
and 4 x D for the dimensions of 10, 30 and 50, respectively.
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4.2.34 PE-SHADE (Zhang et al. 2023b)

An enhanced algorithm with a population entropy-based population adaptation strat-
egy under the framework of SHADE (PE-SHADE) has already been proposed in a
conference paper (Zhang et al. 2019). Work (Zhang et al. 2023b) presents a more
comprehensive presentation and analysis of the experimental results.

4.2.35 MWADE (Tian et al. 2023)

In MWADE, proposed by Tian et al. (2023), the differences among individuals are used
to assess the population’s search requirements and dynamically adjust the population
reduction rate. Specifically, at generation g, the population size is computed as follows:

nfes (14e727)
MaxFEs)

NPg = round <(NPend — sznzt) X < + NP““t) s (74)

NP
A=Y 1% = x5l (75)
=1

A f denotes the sum of the Euclidean distances between all individuals x; and the cur-
rent best individual xpes. A larger value of Af indicates a higher level of population
diversity, suggesting that the population still requires exploration; therefore, the pop-
ulation size is reduced more slowly. Conversely, a smaller value of A f implies that the
individuals are concentrated in a promising region of the search space. In this case,
the population size is reduced more rapidly to accelerate convergence and enhance
exploitation. In their experiments, the best results were obtained with NP;,;; = 18 x D
and NP,,q = 10.

4.2.36 EHMDE (Lv et al. 2023)

Exponential hybrid mutation differential evolution (EHMDE), proposed by Lv et al.
(2023), utilizes an exponential population size reduction:

—nfes
MazFFEs + 1 — nfes

NP, .1 = round {(NPim-t — NP.nq) X exp ] + NPCM} . (76)

In their experiments, NP,.,q was set to 10 and NP;,; to 50. Note, in the original
paper, the numerator is given as MaxFFEs, which is likely a typographical error. We
conjecture that it should instead be —nfes. With this correction, the population size
decreases exponentially from 50 to 10 over the course of the search process.

4.2.37 EPSR (Ekinci et al. 2023)

SHADE algorithm with Exponential Population Size Reduction (EPSR) was used in
a gravity inversion procedure to reconstruct the three-dimensional basement relief
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geometry in sedimentary basins (Ekinci et al. 2023). Population size is calculated as
follows:
NP, ;1 = round[ NPy, q, x e~ X", (77)

The parameter A controls the exponential population size reduction. It is deter-
mined before the optimization process so that the population size decreases from
NP;;; to NP,.,q over the course of the search. In their experiments, the best results
were obtained with NP;,;; =5 x D. NP,,; was set to 4.

4.2.38 PaDE-pet (Meng 2023)

PaDE-pet, proposed by Meng (2023), uses the same population reduction as PaDE (see
Section 4.2.7) from (Meng et al. 2019a). In the experiments, NP, = 25 x log(D)v/D
and NP,,q = 4.

4.2.39 SHADE-cnEpSin (Hong et al. 2023)

In (Hong et al. 2023), the nonlinear population size reduction proposed by Stanovov
et al. (2021) and presented in Section 4.2.17 was used. The resulting algorithm is
called SHADE-cnEpSin.

4.2.40 APDSDE (Zhang et al. 2024)

Adaptive population size adjustment (APSA) method was proposed in a refined
DE algorithm characterized by adaptive parameters and dual mutation strategies
(APDSDE) (Zhang et al. 2024). This method maintains a larger population in the
early iterations and a smaller population in later iterations. Population size for the
next generation is calculated as:

] nfes
nfes ) B (Maa:FEs)

NPyy1 = round | NPinit — (NPipit — NPena) (MamFEs

(78)

In the experimental configuration adopted in (Zhang et al. 2024), the initial pop-
ulation size was set to NP;,; = 18 x D, while the final population size was set to
NP.,q = 4.

4.2.41 NLPSR-jSO (Zhou and Huang 2024)

Zhou and Huang (2024) proposed a variant of jSO algorithm with the NLPSR. It
adaptively assigns more evaluation resources to dominant individuals, allowing their
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potential to be fully exploited. The NLPSR method is defined as:

nfes

_k2 X —
ki1 xe MaxFEs
nfes ) )

MazFFEs

)

Npg+1 = round (Npinit + (Npend — NPi'm't) X (

(79)

where ki and ko are control parameters that balance exploration and exploitation
performance throughout the evolutionary stage. The parameter k; determines the
rate of population size reduction during the early evolutionary generations, whereas
ko controls the rate of decrease in the late generations. The initial population size was
set to NP;,;: = 75 X D3 and end population size to NP,,q = 4.

NLPSR-jSO further incorporates a novel mechanism, known as Adaptive Archive
Usage, which mitigates excessive archive utilization and enhances solution accuracy.
Moreover, the mutation strategy is enhanced through a modified rank-based selective
pressure, aimed at increasing population diversity and reducing the risk of premature
convergence. Zhou and Huang (2024) experimentally showed that the cooperation of
all three mechanisms improves the performance of jSO.

4.2.42 DDPSA framework (Qin et al. 2024)

In (Qin et al. 2024), a dimensional difference-based population size adjustment
framework (DDPSA) was proposed. The framework monitors convergence speed
by examining the dimensional differences between parent and offspring individuals.
Based on the convergence speed information provided by the monitoring component,
the mechanism adaptively regulates population size—both increasing and decreas-
ing it—Dby leveraging the knowledge from the objective and solution spaces, thereby
effectively mitigating premature convergence and evolutionary stagnation.

Table 5: Variation rules of population size
in the FD-PSA strategy.

Indicator Increase  Unchanged Decrease
fitStd -3 0 +3
solutionStd -1 0 +1
crowding -2 0 +2

When premature convergence occurs, the population size is expanded at a prede-
fined rate p (p = 0.01). The number of individuals added each time is [p x NP]. To
effectively enhance population diversity, a dynamic opposition-based learning (DOL)
strategy is employed to generate newly added individuals. In the DOL approach, the
search space boundaries associated with each solution are adaptively adjusted. To
ensure that newly generated individuals are positioned far from regions where the
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current population is concentrated—and to increase the likelihood of exploring areas
with greater optimization potential—the DOL strategy is applied to the top-ranked
elite individuals according to fitness.

Analogous to the population expansion mechanism, the framework applies a pop-
ulation reduction strategy to mitigate stagnation, removing [p x NP] redundant
individuals from the population. To prevent stagnation caused by low population size,
a lower limit value NPj;,,i; of the size NP has been set in the DDPSA framework:

nfes

NPimit = (NPpyin, — NPipst) X (m

) + NPinit. (80)
Unlike traditional population reduction strategies that rely on fitness evaluation, the
proposed approach introduces a new evaluation criterion that incorporates informa-
tion from both the objective and solution spaces. In the experiments, NP;,;; = 50,
NP,,.. = 200, and NP,,;, is set to the minimum size value to keep the mutation
working properly.

4.2.43 Mechanism FD-PSA (Peng and Chen 2024)

In (Peng and Chen 2024), the population size is adaptively adjusted based on the
trends of three metrics: the standard deviation of fitness values (fitStd), the stan-
dard deviation of solutions (solutionStd), and the crowding degree (crowding). For
each metric, the change between consecutive iterations is evaluated and mapped to
an increment or decrement in the population size, as shown in Table 5. The over-
all adjustment is obtained as the sum of contributions from all metrics. This results
in a feedback-driven mechanism in which the population size increases when diver-
sity decreases or convergence is detected, and decreases when sufficient diversity is
present. Therefore, we refer to this strategy as the Feedback-Driven Population Size
Adaptation (FD-PSA) strategy.

4.2.44 PSASIDEA (Yang et al. 2024b)

Yang et al. (2024b) proposed a Population Size Adaptive Strategy (PSASIDEA), in
which the search state is monitored using population similarity, diversity, and evolu-
tion rate indicators. During the first half of the optimization process, the population
size may be increased to improve diversity, whereas in the later stages it may be
reduced depending on the fitness value. The population size is adjusted according to:

NPyt + (NPnag = NPinit) % 52505, g € [0, 0.5G],
NP, = (81)
NPy.5¢ — (NPo.5G — NPmin) X m;;(’;)(x), g € [0.5G, GI.
f(x)

In the given equation, —— 769 represents fitness-based scaling factor that controls
the magnitude of population-size adaptation. G denotes the number of generations.
They set it to 1000. NPy s¢ denotes a population size after G/2 generations. In their

experiments, NP;,;; was set to 100.
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4.2.45 MHDE (Salgotra and Gandomi 2024)
In multi-hybrid DE (MHDE), proposed by Salgotra and Gandomi (2024), the popu-

lation size is adjusted according to the improvement in the best fitness value between
successive generations, ensuring that the reduction process is proportional to the
algorithm’s convergence behavior:

(1 _ Af{l;est) NPg, if Af;:’eSt < A best

max’

NPypr = (1— AfSSH) NPy, if AfPst > Afhest, (82)
NPmiTu if NPngl < NPm'm,
best _ rbest
Af;cst _ f!]—l f9—2 . (83)

=
P
A fPest ig the threshold value.

max

4.2.46 APSDE (Cao et al. 2024)

Adaptive population size-based DE (APSDE), proposed by Cao et al. (2024), adapts
the population size using historical information collected during the search. First, the
similarity between the current population and archived population states is evaluated.
The most similar records are then used to generate the new population size. The
average population-size ratio is computed as a weighted Lehmer mean:

SRS w; NPR?

e = i kel 3y 84)
S w NPR; |

KUNPR =

where NPR,; denotes the ratio between the population size in the i-th archived state
and the initial population size, while IR; represents the corresponding improvement
ratio of the best solution. IRS is the NPR; set of the top ¢% similarity records. The
weights are determined according to the historical improvement ratios:

IR;
IRS :
SRR,

w; =

(85)

The population size is then sampled from a normal distribution centered at pypg:
NP = round (N(,U/NPR,O.I) X NPinit) . (86)

N is a random number generated from a normal distribution. If no improvement
has been observed for several generations, the algorithm considers the population
stagnated and adjusts the population size according to the search stage. During the
first half of the search, the population is reduced to strengthen exploitation, whereas
in the second half it is increased to restore diversity and improve exploration.
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nfes

MazFEs

LRSI 1
round (0.75 X Zﬁ;{;‘RJ X NPinit) ,if

< 0.5,

NP = (87)

IRS
Z_l—j:jl : IR;

round (1.25 X Rsr X NPmit> , otherwise.

Additionally, during the final quarter of the search, the population is further reduced
to intensify convergence:
round(N(0.15, 0.1) x NPyy), if NP > 2%
NP = 4 (88)
NP, otherwise.

In their experiments, NP,,;, is set to 4 and NP;,;; to 4 x D. The control parameter
q is set to 0.3.

4.2.47 SHADE with CAPR (Sedelnikov et al. 2024)

Sedelnikov et al. (2024) employed SHADE with the CAPR mechanism proposed by
Wong et al. (2017) (see Section 4.2.1) to optimize propeller geometry, aiming to mini-
mize power consumption for a given thrust requirement. In their experiments, NP,y
was set to 50 and 100, and NP,,;, to 10.

4.2.48 KBPDE (Liu et al. 2024)

KBPDE algorithm, proposed by Liu et al. (2024), combines adaptive Differential
Evolution with K-modes clustering, BP neural network, and some other strategies for
planning a globally optimal path for robots. It employs an exponential population size
reduction strategy:

NP, = NPjp;t X €9 + NP¢pgq, (89)
where ¢ is a random number between 0.1 and 0.2.

4.2.49 ACD-DE (Meng et al. 2024)

In (Meng et al. 2024), a hybrid parabolic linear population reduction is adopted in the
proposed ACD-DE algorithm. For the first % of the evolution progress, a parabolic
linear population reduction is adopted for a slower reduction of the population size
in the earlier stages of evolution to avoid premature convergence due to reduced
exploration. After this stage, the linear population reduction is used. The population
for each generation is calculated using the following equation:

— NPy .
YT Wit (nfes — NPinit)? + NP, if nfes < m,
(# — NPipit)?
NPgy1 = _ NP... (90)
L4 LA (nfes — MazFEs) + NP.,q4, otherwise,

x — NPint
where (z,y) = (% x MazFEs, % X NP;n;t) is the connecting point between the parabolic

segment and the linear segment. In their experiments, NP;,;; = 25 x log(D)v/D and
NP,,,q = 4. Similar reduction strategy is used in PaDE (see Section 4.2.7).
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4.2.50 CEDE (Zeng et al. 2025)

Zeng et al. (2025) addressed the problem of premature convergence in the DE algo-
rithm, which is mainly caused by the continuous reduction of population size and the
resulting loss of population diversity. To enhance the exploration capability of DE,
the authors propose a cosine-exponential population size adaptive (CEPSA) method.

CEPSA adaptively regulates the population size during the iterative process such
that the overall trend is an exponential decrease, while the population size periodi-
cally increases according to a cosine function, as shown in Eq. (91). These periodic
increases temporarily enhance population diversity, enabling the algorithm to escape
local optima without explicitly detecting when stagnation occurs.

NPy = NPY x (1 — 3+ 3 x NPY), (91)

where
NPJ = NPj;; x 0.5(es/MazFBs) () 55 NPyis + NP g
and
NPY = |cos(f X g)|.
The described mechanism has two parameters, namely 3, which determines the influ-
ence of the cosine term on population size adjustment, and 6, which controls the
frequency of the cosine oscillation.

To maintain solution quality when the population size increases, CEPSA incorpo-
rates an archive of the best abandoned trial vectors. When the population expands,
individuals are randomly selected from this archive and added to the population, after
which they are removed from the archive to avoid repeated use. When the population
size decreases, the worst individuals are removed from the population.

Authors recommend the initial population size of NP;,;; = 28 x D + 80 x v/D — 50
and NP.,q = 4. For parameters § and 6, the paper suggests using the following
parameter values: 5 = 0.05 and # = 0.04, 0.05, 0.07, and 0.08 for D = 10, 30, 50, and
100, respectively.

4.2.51 TSMS-DE (Xu et al. 2025)

The TSMS-DE (Xu et al. 2025) algorithm applies an opposition-based learning (OBL)
strategy during population initialization. Initial individuals are first generated ran-
domly within a predefined interval, and for each such individual, an opposite solution
is computed using:

X7y = low; + upp; — X 0, (92)
where low; and upp; denote the lower and upper bounds of the i-th dimension.
By generating opposite individuals and merging them with the original population,
the algorithm improves search space coverage and enhances convergence speed. In
addition, TSMS-DE incorporates a population diversity enhancement mechanism to
prevent stagnation in later stages of the optimization process.

Population diversity is monitored using the relative diversity parameter:

DP
DP;yn;’

Rpp =
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NP
> I — |2, (94)

where DP denotes the current population diversity and DP;,; the initial diversity. The
diversity is calculated, as shown in Eq. (94). If the diversity falls below a threshold &
and an individual shows no improvement for N consecutive generations, the individual
is considered stagnant. To reactivate such individuals, a new candidate solution is
generated as follows:

Xig+1 = Xry,g + Fo X (Xpyg = Xrg g) 5 (95)

where X, ¢, X, 4, and X, 4 are distinct randomly selected individuals, and F, is a
scaling factor drawn from a Cauchy distribution C(0.5,0.1).

Additionally, TSMS-DE employs a parabolic-linear population size reduction
scheme (see Eq. (42)) from the PaDE algorithm, which gradually decreases the pop-
ulation size to enhance search efficiency during the evolutionary process. The initial
population size was NP;,;; = 25 x log(D) X VD, while the final population size was
NP,,q = 4.

4.2.52 SL-SHADE (Wu et al. 2025)

In (Wu et al. 2025), the authors proposed the NLPSR strategy, which maintains a
population size reduction similar to LPSR at an early stage of optimization. This
allows the algorithm to perform the global search. In the middle and late stages of
optimization, the population size reduction is more aggressive, and the optimization is
guided to perform local searches. The described population size reduction mechanism
is modeled by Eq. (96), where A increases from 0 to 1 with generations g, so the
population size decreases exponentially. The control parameteris NP;,;; and NP.,q4
were set to 18 x D and 4, respectively.

NPy, 1 = round [(NPepg — NPinit)(1 — ) + NPt

gmax+lfg

4.2.53 NLAPSMjSO-EDA (Shen et al. 2025)

In (Shen et al. 2025), the authors proposed the NLAPSMjSO-EDA algorithm with
the NLPSR strategy that was taken from the NL-SHADE-RSP (Stanovov et al. 2021)
algorithm, as described in Section 4.2.17. The NP;,;; parameter was analyzed and
results demonstrate that the NP;,;; = 150 x D3 reaches the highest performance
ranking. In this analysis, the NP.,4 parameter was set to 4.

4.2.54 DF-NPAS (Sun et al. 2025)

Sun et al. (2025) proposed a population adjustment strategy that is based on
both population diversity and fitness improvement. We refer to this strategy as the
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Diversity—Fitness Nonlinear Population Adjustment Strategy (DF-NPAS). The popu-
lation diversity is used in the early stage of optimization, while the fitness improvement
is used in the late stage. Additionally, a stagnation prevention mechanism is used to
help the algorithm escape from local optima. The details of the strategy are as follows:

e Early stage of optimization: The population size is dynamically adjusted based
on the relative population diversity, which is calculated as:

Div
. )
Divinge

rDiv = (97)

where Div and Div;,;; represent diversity of the current and initial population.
Diversity is measured using the infinite norm with respect to the best individual:

1 NP
Div = 72 Zl 1 X9 — Xpest.glloo- (98)

The population size is updated using a nonlinear function:

NP, 1 = NP, — u(rDiv — e~ =) (e~ G+0D) _ rDjyy), (99)

nfes () 1, >0,
2= ———: u(z)=
MazFEs’ 0, z<0.

According to this strategy, if value of rDiv is greater than or equal to e~ (*=01) an
individual with the worst fitness value is deleted from the current population and if
its value is less than e~ (*T0-1) an individual is randomly selected from the external
archive and added to the current population.

¢ Late stage of optimization: When nfes is greater than tfes (the stage thresh-
old, good value is MaxFFEs/5), the population size is adjusted based on fitness
improvement:

— if the best fitness continuously improves (fpest,g+1 < foest,g), the population size
remains unchanged,
— otherwise, it is updated according to:

NP1 = round (N, x max(0.9, sin(f x Iter))), (100)
N, = (NPyaz — NPpin) X R + NPpin, (101)
1

where round means round to nearest integer, Iter is the current iteration number,
sin(-) is a sine function, and f is the period of the sine function. When the NP,
is smaller than the NPy, individuals with poor fitness are deleted from the current
population, otherwise, NP,y — NP, individuals are randomly selected from the
external archive and added to the current population.
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® Stagnation prevention: When the population diversity decreases continuously or
the fitness does not improve continuously, it indicates that the algorithm may fall
into a local optimum or stagnate. To prevent stagnation, two global variables were
introduced:

— CD — counts consecutive iterations of decreasing diversity,
— CF — counts consecutive iterations without fitness improvement.

When CD > N, (threshold, good value is 20) or CF > N, additional individual is
randomly selected from external archive and inserted into the current population
to help the algorithm escape from stagnation.

4.2.55 SAEDE-EP’25 (Budiman et al. 2025)

Self-Adaptive Ensemble-based DE with Enhanced Population Sizing (SAEDE-EP)
was first published in (Budiman et al. 2020), and it is described in Section 4.2.11.
In (Budiman et al. 2025), more detailed analysis and validation is given.

The SAEDE-EP algorithm was used in (Wang et al. 2025b), where the authors per-
formed a sensitivity analysis of the population growth rate parameter that determines
the addition or removal of individuals from the population.

4.2.56 E-ADE (Zhang et al. 2026)

Zhang et al. (2026) proposed an adaptive population size adjustment strategy within
the enhanced adaptive differential evolution algorithm (E-ADE), in which the pop-
ulation size is regulated according to the variation of the global best fitness. When
the improvement between consecutive generations exceeds a predefined threshold
(Af > €), a fraction of the population is removed:

Naee = |8 x NP, | . (103)

Ngec is the number of individuals to be removed and [ is the scaling factor,
typically in the range [0.1,0.3].

4.3 Summary

The algorithms reviewed in Sections 2.3, and 4 can be categorized according to the
type of population size adjustment they employ. Tables 6 and 7 provide an overview of
these algorithms, where, in addition to the algorithm name, author(s), and publication
year, the type of population size adjustment employed is indicated. For each algorithm,
we have the following information:

e LPSR — Linear population size reduction that follows a linear trajectory throughout
the evolutionary process.

® non-LPSR — Non-linear population size reduction that follows a predefined non-
linear trajectory throughout the evolutionary process.

® Heuristic — The population reduction scheme dynamically determines the desired
population size using additional information about the optimization process (e.g.,
diversity, fitness values, stagnation indicators, etc.).
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Table 6: Algorithms and properties of their population size adjustment strategies (part 1).

non- Reduce Reduce+

Algorithm Author(s) and year LPSR LPSR Heuristic only  Increase
DESAP Teo (2006) v v
dynNP-DE Brest and Sepesy Maucec (2008) v v
FDSADE Tirronen and Neri (2009) v v
ADE Zhabitsky and Zhabitskaya (2013) vl
L-SHADE Tanabe and Fukunaga (2014) v v

iSO Brest et al. (2017) v v

CAPR Wong et al. (2017) v v

IDEbd Bujok and Tvrdik (2017) v v v
EsDEr-NR Awad et al. (2018) v v

dyn-NP in LSGO Maucec et al. (2018) v v

EAGDE Mohamed and Mohamed (2019) v v

DMPSA mechanism Polékova et al. (2019) v v
HARD-DE Meng and Pan (2019) v v v

PaDE Meng et al. (2019a) v v v
ESHADE USM Kumar et al. (2019) v v
PE-SHADE’19 Zhang et al. (2019) v v
eL-SHADE Khan et al. (2020) v v
SAEDE-EP Budiman et al. (2020) v v v
APDE Zhang et al. (2020) v v v
PaDE-NPC Meng et al. (2020b) v v v

DE-NPC Meng et al. (2020a) v v v

ADDE Zhan et al. (2020) v v v
FADE Xia et al. (2021) v v
NL-SHADE-RSP Stanovov et al. (2021) v v

CS-DE Meng et al. (2021) v v v
Crowding dynNP-DE  Zhong et al. (2021) v v

Hip-DE Meng and Yang (2021) v v

SLDE Zeng et al. (2022) V2 v
DPSHADE Li et al. (2022b) v v v

ExR, LoR and PaR Najarro et al. (2022) v v
NL-SHADE-RSP-MID Biedrzycki et al. (2022) v v

IPM-DE Morales-Castaneda et al. (2022) v v v
PDcDE Yu et al. (2022) v v v
TDE Meng and Yang (2022) v v

FL-ADE Zheng and Luo (2022) v v v
Mechanism PPSCM Pereira de Lacerda et al. (2022) v v v
PRS Li et al. (2023d) v v

M;jSO Li et al. (2023b) v v

FP Sun et al. (2023a) v v
APSM-jSO Li et al. (2023c) v v

HPDE Meng and Zhang (2023b) v v v
cDE-APAR Sun et al. (2023b) v v
AGDE-MPP Zhang et al. (2023a) v v
PE-SHADE Zhang et al. (2023Db) v v
MWADE Tian et al. (2023) v v

1Population is only increased in ADE.

2SLDE is based on LPSR, but it uses a sawtooth function, so it can be classified as non-LPSR.
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Table 7: Algorithms and properties of their population size adjustment strategies (part

2).
non- Reduce Reduce+

Algorithm Author(s) and year LPSR LPSR Heuristic  only Increase

EHMDE Lv et al. (2023) v v

EPSR Ekinci et al. (2023) v v

PaDE-pet Meng (2023) v v v

SHADE-cnEpSin Hong et al. (2023) v v

L-SRTDE Stanovov and Semenkin (2024c) v v

APDSDE Zhang et al. (2024) v v

NLPSR-jSO Zhou and Huang (2024) v v

DDPSA framework Qin et al. (2024) v v

Mechanism FD-PSA  Peng and Chen (2024) v v v

PSASIDEA Yang et al. (2024b) v v v

MHDE Salgotra and Gandomi (2024) v v v

APSDE Cao et al. (2024) v v v

SHADE with CAPR  Sedelnikov et al. (2024) v v

KBPDE Liu et al. (2024) v v

ACD-DE Meng et al. (2024) v v v

DSDCDE Deng et al. (2025) v v

CEDE Zeng et al. (2025) v v

FODE Wang et al. (2025a) v v

mLSHADE-SPACMA Fu et al. (2025) v v

TPADE Gong et al. (2025) v v

L-SRTDEwPSM Popi¢ et al. (2025) v v

TSMS-DE Xu et al. (2025) v v

SL-SHADE Wau et al. (2025) v v

NLAPSMjSO-EDA Shen et al. (2025) v v

DF-NPAS Sun et al. (2025) v v v

SAEDE-EP’25 Budiman et al. (2025) v v v

E-ADE Zhang et al. (2026) v v v

Table 8: Number of algorithms in this review by population size adjust-
ment strategy characteristics.

LPSR  non-LPSR  Heuristic Reduce only Reduce+Increase
Before 2017 4 2 3
Since 2017 21 56 15 45 22
Total 21 60 15 47 25

® Reduce only — Only population size reductions occur during the evolutionary

process.

® Reduce+Increase — Both population size reductions and population size increases
occur during the evolutionary process.
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For clarity, in Tables 6 and 7, the reviewed algorithms are organized chronologi-
cally by year of publication. An algorithm may use a linear population size reduction
(LPSR) strategy, a non-linear population size reduction (NLPSR) strategy, or a com-
bination of multiple adjustment mechanisms. In some cases, algorithms combine LPSR
and NLPSR, while others employ more than one NLPSR strategy. Furthermore,
NLPSR strategies may incorporate additional heuristics based on information gath-
ered during the optimization process, such as population diversity, fitness values, or
stagnation indicators. Depending on the design of the adjustment mechanism, the
population size may decrease monotonically throughout the search or be allowed to
both decrease and increase adaptively. Table & shows the number of reviewed algo-
rithms in each group, aggregated from Tables 6 and 7, before 2017, since 2017, and
total. Since 2017, there have been 45 algorithms that utilized only reduction in pop-
ulation size, and 22 algorithms that combined both reduction and expansion of the
population size.

In the next section, we present the common properties of the two groups of
algorithms. The first group consists of algorithms that utilize heuristic methods for
population size adjustment, whereas the second group comprises algorithms that apply
a combination of two population size adjustment strategies during the evolutionary
process.

5 Common properties of population size adjustment
strategies

In this section, we summarize the common properties of population size adjustment
strategies in DE-based algorithms, which were presented in Section 4. Population
size adjustment encompasses a broad range of mechanisms, including learning-based
population size control strategies, heuristic-based approaches, hybrid methods that
combine multiple strategies, and related techniques.

As mentioned at the beginning of Section 4, the classification of algorithms solely
into linear and non-linear strategies is neither trivial nor straightforward, as there
is often a big overlap between used strategies. Therefore, based on these facts, we
propose a new taxonomy that groups these population size adjustment strategies into
the following categories:

® Fixed — The population size remains unchanged throughout the evolution process
and is set before the evolutionary process starts. It is often calculated based on
the problem characteristics, such as problem dimension. One advantage of a fixed
population size is that it generally enables easier parallelization.

® Deterministic control — During the evolutionary process, the population size
is adjusted based on a predefined trajectory, typically expressed using a linear
or non-linear mathematical equation. These mechanisms often introduce a new
set of parameters that need to be adjusted (e.g., start and end population sizes,
curve/trajectory parameters, ...), but they may be less sensitive than other algo-
rithm parameters. These mechanisms can be further grouped based on their chosen
trajectory:
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— Linear trajectory — Population reduction follows a linear trajectory (usually
decreasing) from the initial population size to the final population size.

— Non-linear trajectory — Population reduction follows a predefined non-linear
trajectory (e.g., parabolic or exponential) from the initial population size to the
final population size.

— Fluctuating trajectory — Population size varies during the evolutionary process
according to a predefined function, with both decreases and increases in the
population size.

Heuristic — This category could also be called adaptive. Population size change
is dependent on the selected heuristic measure of the evolutionary process. These
heuristics usually rely on measures such as population/individual fitness values,
population diversity, and stagnation detection, enabling them to dynamically adapt
the population size to each individual problem’s characteristics. Because they
require additional knowledge that needs to be obtained during the evolutionary
process, they often introduce additional computational overhead, particularly when
population diversity measures are used.

Self-adaptive — Population size is determined via additional information obtained
from the evolutionary process. Unlike heuristic approaches, where the mechanism
itself is predetermined and usually remains unchanged, self-adaptive mechanisms,
which also include learning-based approaches, typically use feedback from the
evolutionary process to adjust their population-size behavior. An example of a self-
adaptive population size method is presented in (Teo 2006). These approaches can
better adapt to the characteristics of the problem, uncover non-trivial relations
between population size and the problem, and may reduce the need to manually set
and tune the mechanism’s behavior. Their potential downside is that they may intro-
duce additional parameters, intricate mechanisms, and substantial computational
overhead.

Hybrids — These approaches combine two or more aforementioned strategies either
by applying them sequentially or by integrating them into a single population-size
adjustment mechanism. Typically, this is accomplished by using a predetermined
point in the evolutionary process at which population size adjustment strategies are
switched (see (Meng and Pan 2019; Meng et al. 2019a; Li et al. 2022Db), etc.). Hybrid
approaches aim to exploit the advantages of multiple strategies, but they introduce
a new problem of determining a suitable switching point (often called a pivot).

In addition to deterministic strategies, the reviewed algorithms frequently used

heuristic and hybrid strategies. Given their prevalence and the greater variability in
how population size adjustment is implemented within these strategies, we study them
in greater detail in the following two subsections.

5.1 Heuristic strategies

Some of the algorithms analyzed in Section 4.2 utilized additional knowledge about
the population, the optimization problem’s landscape, the progress of evolution, or a
combination of these. Although they all belong to a group of non-linear population
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Table 9: Algorithms with the heuristic population size adjustment strategies.

Algorithm

Description

IDEbd

SAEDE-EP

APDE

ADDE

IPM-DE

PDcDE

FL-ADE

Mechanism PPSCM

Mechanism FD-PSA

PSASIDEA

MHDE

APSDE

DF-NPAS

SAEDE-EP’25

E-ADE

Population size adapts to current diversity, with a linearly decreasing
diversity target.

Population changes only upon best-solution stagnation, otherwise,
population size is unchanged.

When the best solution stagnates, inferior individuals may enter into
population, and ineffective individuals are periodically pruned based on
fitness and stagnation history.

The population size is dynamically reduced when the best solution
shows significant improvement , and increased when improvement is poor
to enhance diversity, using an adaptive threshold that decreases over
time.

The population size is increased when population diversity stagnates,
and reduced when diversity falls below a threshold of the maximum
diversity ever observed.

The population size is reduced by removing the worst individual when
the best solution improves consistently, and increased by adding a
random individual when stagnation occurs.

The population size is adjusted adaptively in each generation based on
the fitness landscape. It remains larger in multimodal landscapes and
shrinks in unimodal landscapes to speed up convergence.

The population size is controlled by a velocity that increases during
stagnation and decreases during improvement. Individuals are added
near good solutions or removed. Changes taper off near the end to reduce
noise.

The population size is adjusted dynamically based on three metrics: fit-
ness standard deviation, solution-space standard deviation, and
crowding degree.

The adaptive strategy monitors search state using diversity and evolu-
tion indicators. The population size may be increased during the first half
of optimization to enhance diversity, then decreased in the later stages
based on fitness performance.

Uses an adaptive proportional reduction mechanism that shrinks the
population size over time based on improvements in the best fitness
value between successive generations.

The population size is adopted using historical search information
and similarity between current and archived population states. When
progress stagnates, the algorithm further adjusts population size based
on the search stage, reducing it early for exploitation and increasing it
later to maintain diversity, with an additional reduction near the end for
faster convergence.

The population size is controlled using a dynamic, two-stage nonlinear
strategy that prioritizes population diversity in early iterations and
fitness improvement in later stages.

The population size is adjusted whenever stagnation is detected. A
growth rate determines the new population size and is selected from a
set of possible growth rates or an archive of successful ones.

The population size is adaptively reduced during optimization according
to the variation of the global best fitness improvement, with larger
population maintained early for exploration and smaller ones later for
convergence. Only low-performing individuals are removed.
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size adjustment strategies, they do not explicitly follow a predefined reduction curve.
We will refer to these strategies as heuristic strategies for population size adjustment.

Table 9 shows all 15 algorithms that use heuristics for population size adjust-
ment. Note that all these algorithms belong to a group of non-linear population size
adjustment strategies. The NLPSR group of algorithms are collected in Tables 6
and 7. In Table 9, we have highlighted the keywords that describe the population size
adjustment strategies used by the algorithms. The following keywords appear most
often:

® diversity,

® best solution and/or best fitness,

® stagnation, and

® fitness improvement.

With these 15 algorithms that use heuristics for population size adjustment, we
can observe the growth of the complexity of mechanisms over the years, which is
reflected by the increasing number of mechanisms, which are also more sophisticated.

5.2 Hybrid strategies

To leverage the advantages of both linear and non-linear population reduction strate-
gies, 10 algorithms presented in Section 4.2 employ a hybrid approach that combines
the two. Table 10 summarizes these algorithms, together with brief descriptions and
the equations defining the non-linear component of each strategy. A common charac-
teristic among these approaches is the application of a non-linear reduction scheme
during the early stages of the optimization process, followed by a linear reduction
strategy in the later stages. This design aims to balance the exploratory properties
of non-linear reduction with the stable convergence behavior associated with linear
population reduction.

6 Experiment on CEC 2024 benchmark suite

In this section, the benchmark suite is presented, followed by experimental setup,
results, and discussion. Simulation results comparing linear population size reduction
with selected state-of-the-art non-linear population size reductions/adjustments are
presented.

6.1 Benchmark suite

The experimental setup follows the rules and evaluation procedure specified by the
CEC 2024 Special Session and Competition on Single-Objective Real-Parameter
Numerical Optimization (Qiao et al. 2023), which builds upon the CEC 2017 bench-
mark suite (Awad et al. 2016). It consists of 29 shifted, rotated, non-separable, and
ill-conditioned test functions designed to reflect the complexity of real-world opti-
mization problems. The benchmark includes unimodal functions, simple multimodal
functions, hybrid functions, and composition functions, each posing increasing levels
of difficulty for optimization algorithms. The functions in the four given categories are:
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Table 10: Algorithms that combine two population size adjustment strategies.

Algorithm  Combined strategies Equation of nonlinear part
. 02 Yy — NPz'mt 2
HARD-DE Parabolic until 3 X MazFEs, — X (nfes — NPinit)? + NPt
then Linear (x - NP"L“)
_ NP...
PaDE Parabolic until % X MazxFEs, "thQ x (nfes — NPipit)? + NPW:-‘
then Linear (z — NPinit)
PaDE- Fixed population size until constant population size
NPC 0.15 x MazFFEs, then Linear
o . P Y — NPinit 5
DE-NPC Parabolic until 3 X MazFEs, — X (nfes — NPinit)? + NPt
then Linear (x - NPW“)
o NP2 — 2
CS-DE Elliptic until 2 x MazFEs [\/ NP2, — St Z Y nfesﬂ
then Linear x
round((NPend + NPinit) X M + NPmi,f,),
DPSHADE Nonlinear until % X MazFFEs M= 1
then Linear - l4e ( 10 X nfes n 5)
57 [ = s M
P\™ MazFEs
FL-ADE Nonlinear until % X MazFEs See Egs. (67) and (68)
then Linear
NP.,qg — NP;
HPDE Nonlinear until 2 x MazFEs end ot x (nfes — NPinit)? + NPjnt
2 2 MazFEs — NPinit)”
then Linear (5 azFEs — NPinit)
5 N . a2 Yy — Npunt 2
PaDE-pet Parabolic until 3 X MazFEs, — X (nfes — NPinit)? + NPipst
then Linear (x - NP"L“)
= . q 2 Yy — NPmLt 2
ACD-DE Parabolic until 3 X MazFEs, — X (nfes — NPinit)? + NPt
then Linear (3E - NPZ'"“)

® unimodal functions (fl, £2): the Bent Cigar function and the Zakharov function.
These problems are conceptually the simplest and are expected to pose only
moderate difficulty for well-designed optimizers.

® multimodal functions (f3 — £9): Rosenbrock’s, Rastrigin’s, Expanded Schaffer’s F6,
Lunacek Bi-Rastrigin, Non-continuous Rastrigin, Levy, and Schwefel. Although
these functions contain multiple local optima and are both shifted and rotated, their
landscapes typically retain a relatively regular structure, allowing many algorithms
to explore them effectively.
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® hybrid functions (f10 — £19): functions constructed by combining several basic func-
tions. Because each component contributes differently across regions of the search
space, the resulting landscapes vary substantially from one region to another.

® composition functions (£20 — £29): functions, defined as weighted combinations of
basic functions with an added bias that determines which component optimum
becomes global. These are generally regarded as the most difficult, as they integrate
diverse landscape characteristics and hybrid components as well.

The search domain for all functions is [—100,100]”, and the problems are treated
as black-box functions. The maximum number of function evaluations MaxzFFEs is
10000 x D, where D is problem dimensionality.

6.2 Experimental setup

In the experiments, the jSO algorithm was used as the baseline, because it has been
widely used as a foundation for many improved DE variants and has received sig-
nificant attention in the literature. For this reason, we considered it an appropriate
and representative modern DE framework for studying population size reduction
strategies.

Various population-size adjustment strategies—originally proposed within differ-
ent DE-based frameworks—were integrated into the jSO algorithm. This unified
implementation enables clearer comparisons and assessment of each strategy’s impact,
since other algorithm-specific mechanisms do not confound performance. A strategy
was eligible for the experimental comparison if:

® [t defines a distinct population-size adjustment mechanism — strategy distinctive-
ness.

® The population-size adjustment mechanism can be isolated from the original algo-
rithm and implemented within jSO without transferring other algorithm-specific
components — transferability.

® [ts behavior can be expressed under the common experimental setting — parameter
compatibility.

® The selected set covers the principal mechanism categories identified by the review
— mechanism coverage.

e Within conceptually similar mechanisms, one representative strategy is selected
rather than testing multiple near-duplicates — a redundancy.

Based on these criteria, the 15 population size adjustment strategies were selected
to represent a broad range of population-size adjustment principles while avoiding
unnecessary duplication. The original jSO algorithm was retained as the baseline, rep-
resenting the widely used LPSR approach. The strategy of dynNP-DE algorithm was
included as one of the earlier population-size reduction approaches, providing a his-
torical counterpart to more recent strategies. The strategy of the APDSDE algorithm
represents a simple non-linear reduction rule without additional control parameters,
whereas that of the NLPSR algorithm provides a more general parameterized expo-
nential reduction model. The strategy NLPSR-ver2 was additionally considered to
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investigate how different parameter settings of the same general reduction model affect
performance.

Several strategies were selected to represent adjustment mechanisms that combine
different reduction principles or different stages of the evolutionary process. The pop-
ulation size reduction strategy in the HPDE algorithm combines non-linear and linear
reduction over two equally sized stages, whereas those in HARD-DE and CS-DE algo-
rithms combine linear reduction with parabolic and elliptic reduction, respectively,
with the transition occurring at % X MazxzFEs. The strategy in the DPSHADE algo-
rithm provides another distinct combination of non-linear and linear reduction, using
a sigmoid-shaped reduction during the first half of the evolutionary process, followed
by linear reduction. These strategies, therefore, enable comparison of different shapes
and transition points in stage-dependent population-size adjustment.

The selection also includes strategies with substantially different population-size
trajectories. The strategy of the AGDE-MPP algorithm uses a hyperbolic-tangent
reduction curve, while those of the EAGDE and APDSDE algorithms represent non-
linear trajectories that reduce the population more rapidly than LPSR during parts
of the evolutionary process (see Figure 2). In contrast, PRS strategy follows a slower
reduction trajectory and additionally incorporates information on individual simi-
larity. FP strategy was selected because it introduces pronounced fluctuations in
population size (see Figure 3), whereas the SLDE algorithm employs a sawtooth-linear
mechanism that allows both population reduction and increase. These approaches
extend the comparison beyond monotonically decreasing population-size trajectories.

Finally, the strategy of DSDCDE algorithm was included to represent a search-
state-dependent approach, in which population-size adjustment exploits information
from both the fitness and search spaces. Together, the selected strategies cover
linear and non-linear reduction, parameterized and parameter-free approaches, mono-
tonic and fluctuating population-size trajectories, combinations of multiple reduction
schemes, reduction-and-increase mechanisms, and approaches that exploit informa-
tion obtained during the evolutionary process. Thus, the selected set is intended to
provide broad coverage of qualitatively different population-size adjustment principles
rather than an exhaustive comparison of all strategies identified in the review.

Table 11 gives a collection of the algorithms used in the experiment. The first
algorithm is jSO (Brest et al. 2017). It is used as a framework which includes one of the
selected population size adjustment strategies and combines it with the jSO algorithm.
If, for example, the fluctuant population (FP) size adjustment strategy is incorporated
into the jSO, we denote this algorithm as jSO-+FP. Note that each variant in the jSO
algorithm incorporates only the population size reduction adjustment strategy and not
the entire original algorithm that proposed the strategy. The original algorithm may
include other mechanisms, such as F' and CR parameters adaptation, sub-populations,
etc.

All algorithms listed in Table 11 have the same initial and final (minimum) pop-
ulation sizes, as those in the jSO algorithm, namely NP;,; = 25 x log(D)@ and
NP.,.q = 4.

All other parameters of each population size reduction/adjustment strategy used
in the jSO+strategy algorithm remain the same as proposed in the original algorithm.
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Table 11: Compared population size adjustment strategies applied in the jSO
algorithm.

Algorithm Strategy’s description

jSO+APDSDE adaptive population size adjustment (APSA) (see Sect. 41.2.40)
jSO+dynNP-DE dynamic population size reduction diffPS = 4 (dynNP-DE) (see Sect. 2.3.2)
jSO+NLPSR non-linear population size reduction (NLPSR) (see Sect.4.2.41)
jSO+NLPSR-ver2 non-linear population size reduction (NLPSR) with k1 = 3.0, k2 = 1.5 (see Sect. 4.2.41)
jSO+DSDCDE dual-space-based population size adaptive method (DSPSA) (see Sect.4.1.6)
jSO-+FP fluctuant population (FP) (see Sect.4.2.31)

jSO+HPDE dynamic hierarchical population (see Sect.4.2.32)

jSO+HARD-DE parabolic population size reduction (see Sect. 1.2.6)

jSO+CS-DE combined elliptic and linear reduction approach (see Sect.4.2.18)
jSO+DPSHADE  combined linear and non-linear reduction approach (see Sect.4.2.22)
jSO+AGDE-MPP NLPSR, according to the hyperbolic tangent function curve (see Sect.4.2.33)

jSO-+SLDE sawtooth-linear population size adaptive method (see Sect.4.2.21)
jSO+PRS population reduction with individual similarity (PRS) (see Sect. 1.2.30)
jSO+EAGDE NLPSR, according to X = 1 — (nfes/MazFEs) (see Sect.4.2.5)

iSO linear population size reduction (LPSR) (see Sect.2.2)

The jSO+NLPSR-ver2 algorithm differs from the j]SO+NLPSR algorithm only in
the setting of two population size reduction parameters. The j]SO+NLPSR algorithm
applies:

k1 =16 A ko =2.0,

while the jSO-+NLPSR-ver2 algorithm uses:
ki =30 A ko =1.5.

Experiments were conducted for problem dimensions D = 10, 30, 50, and 100. For
each test function, every algorithm was independently executed 25 times. This number
of runs allows reliable estimation of both central tendency (e.g., mean or median)
and variability (e.g., variance), and provides adequate statistical power for common
significance tests. Each run was terminated either when the obtained error fell below
108, or when the maximum number of function evaluations has reached MazFFEs.

6.3 Results

In this section, we present the experimental results. We first examine the behavior of
the proposed strategies, focusing on how they reduce and/or increase the population
size throughout the evolutionary process. This is followed by a statistical comparison of
the strategies using the Wilcoxon signed-rank test and the Friedman test. In addition,
convergence graphs for selected benchmark problems are presented and discussed to
further illustrate the performance characteristics of the algorithms.
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6.3.1 Population size variations

The variation curves of population size with the number of function evaluations for
10D are shown in Figure 2. Figure 3 depicts the variation curves for the FP strat-
egy and jSO. Compared with the linear population reduction strategy of jSO and
DSDCDE, the population sizes of other strategies varied a lot in the first half of the
evolutionary process. The strategies are trying to avoid getting trapped in the local
optimal solution. In order to promote the exploration capability in the early stages of
evolutionary process, the strategies employ a relatively large population size to ensure
population diversification. In the mutation operation, DE employs a large number of
individuals. With the progress of evolutionary process, some individuals with poor
fitness function values are deleted. The mutation, crossover and selection operations
gradually strengthen the exploitation ability. Consequently, faster convergence speed
is possible.

6.3.2 Wilcoxon test

Performance comparison results of the algorithms are collected in Appendix A and
are shown in Tables A1-A3 for 10D, in Tables A4—-A6 for 30D, in Tables A7T-A9 for
50D, and in Tables A10-A12 for 100D.

For each dimension, the comparison of the jSO algorithm which uses LPSR
and other algorithms (jSO with other strategy integrated) was conducted using the
Wilcoxon signed-rank test with a significance level of a@ = 0.05. Sign '+’ means that
jSO performs significantly better than the compared algorithm, ’—’ means that jSO
performs significantly worse than the compared algorithm, while ’~’ means that there
is no significant difference between the compared algorithms. The comparison results
are presented as +/~/— sums at the bottom of each table, and the summarized results
are collected in Tables 12 and 13.

For the 10D problems, the baseline jSO with the LPSR strategy consistently out-
performs several competing variants of population-size reduction strategies integrated
into jSO. In particular, jSO significantly outperforms methods such as jSO-+FP and
jSO+DSDCDE on a large number of test functions. Overall, the aggregated results
show that jSO performs significantly better in 54 cases, compared to only 8 cases where
it performs significantly worse, while the majority of comparisons indicate no sta-
tistically significant difference. This suggests that, in low-dimensional settings, many
population-size adaptation mechanisms integrated into jSO do not yield substantial
additional benefits.

Although in the 30D setting, the number of statistically significant wins for jSO
increases to 87, the number of losses also rises to 23. ]SO with LPSR still outperforms
variants such as jSO+FP and jSO+DSDCDE, achieving a large number of significant
wins. However, for several algorithms that incorporate more advanced population-size
reduction mechanisms (e.g., jSO-+NLPSR-ver2, jSO+AGDE-MPP, and jSO+SLDE),
the number of jSO losses increases, and a substantial proportion of outcomes remain
statistically indistinguishable. This suggests that certain population size adaptation
strategies become more competitive in higher-dimensional search spaces, although
they do not consistently outperform the LPSR strategy.
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Fig. 2: Reduction/adjustment curve of the population size of the strategies during
the evolutionary process for 10D. The initial population size was NP;,;; = 182 and
final /minimum population size NFP,,q = 4.

For the 50D setting, the gap between LPSR’s statistically significant wins
and losses narrows compared to lower-dimensional settings. This indicates that, as
dimensionality increases, several population size adaptation strategies become more
competitive. Nevertheless, jSO with LPSR continues to show dominance over cer-
tain algorithms, most notably jSO-+FP and jSO+DSDCDE, for which jSO with
LPSR achieves a large number of significant wins and no losses. In contrast, meth-
ods such as jSO+NLPSR-ver2, jSO+HARD-DE, jSO+CS-DE, jSO+DPSHADE, and
jSO+AGDE-MPP yield a higher number of statistically significant wins, suggesting
that these strategies may provide advantages in more complex search spaces.
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Fig. 3: Reduction/adjustment curve of the population size of the FP strategy and
LPSR (jSO) during the evolutionary process for 10D. The initial population size was
NPy = 182 and minimum population size NP,,;, = NP.,q = 4.

In the 100D setting, performance differences become even more pronounced. This
trend suggests that while LPSR remains highly competitive, high-dimensional opti-
mization accentuates the strengths of certain adaptive population size mechanisms.
Variants such as jSO+NLPSR-ver2, jSO+AGDE-MPP, jSO-+APDSDE, jSO-+HARD-
DE, jSO+CS-DE, and jSO+SLDE exhibit a larger number of cases where LPSR is
significantly outperformed. These observations suggest that non-linear population size
reduction or the combination of linear and non-linear reduction strategies may better
address the challenges posed by high-dimensional search spaces.

An analysis of the functions that benefit most from population size reduction
strategies reveals that, in the 50D setting, the most pronounced improvements are
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Table 12: The Wilcoxon signed-rank results of jSO versus other
algorithms (o = 0.05) on 10D and 30D.

Dimension  Algorithm +/z/—1
jSO+APDSDE 1/27/1
jSO+dynNP-DE 6/22/1
jSO+NLPSR 0/27/2
jSO+NLPSR-ver2 0/29/0
jSO+DSDCDE 14/15/0
jSO+FP 27/1/1
jSO+HPDE 0/29/0

10 jSO+HARD-DE 0/29/0
jSO+CS-DE 1/27/1
jSO+DPSHADE 0/29/0
jSO+AGDE-MPP 0/29/0
jSO+SLDE 2/27/0
jSO+PRS 1/28/0
jSO+EAGDE 2/25/2
Total 54/344/8
jSO+APDSDE 1/26/2
jSO-+dynNP-DE 10/18/1
jSO+NLPSR 3/24/2
jSO+NLPSR-ver2 0/26/3
jSO+DSDCDE 23/6/0
jSO+FP 29/0/0
jSO+HPDE 0/28/1

30 jSO+HARD-DE 0/28/1
jSO+CS-DE 0/25/4
jSO+DPSHADE 0/27/2
jSO+AGDE-MPP 2/24/3
jSO-+SLDE 6/21/2
jSO+PRS 6,/23/0
jSO+EAGDE 7/20/2
Total 87/296/23

1Sign + means that jSO performs significantly better than the compared
algorithm, — means that jSO performs significantly worse than the com-
pared algorithm, ~ means that there is no statistical difference between
compared algorithms.

observed for functions 4, {6, {7, f10, f14, 19, and £28. Similarly, in the 100D case, per-
function performance comparisons indicate that population size adjustment strategies
yield significant improvements, particularly for functions {6, {9, f16, and 21.

Across both 50D and 100D settings, the prevalence of statistically indistinguish-
able results remains high, underscoring the fact that no single strategy consistently
dominates across all functions and dimensions. Overall, the results confirm that
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Table 13: The Wilcoxon signed-rank results of jSO versus other
algorithms (a = 0.05) on 50D and 100D.

Dimension  Algorithm +/~/ _—
iSO+APDSDE 2/23/4
iSO +dynNP-DE 7/21/1
jSO+NLPSR 3/23/3
jSO+NLPSR-ver2 1/21/7
jSO+DSDCDE 25/4/0
jSO+FP 29/0/0
jSO+HPDE 0/27/2

50 jSO+HARD-DE 1/22/6
jSO+CS-DE 1/20/8
iSO+ DPSHADE 1/23/5
jSO+AGDE-MPP 2/21/6
jSO+SLDE 4/22/3
jSO+PRS 5/21/3
jSO+EAGDE 3/25/1
Total 84/273/49
jSO+APDSDE 2/21/6
iSO-+dynNP-DE 16/12/1
jSO+NLPSR 2/22/5
jSO+NLPSR-ver2 2/18/9
jSO+DSDCDE 27/2/0
jSO+FP 29/0/0
jSO+HPDE 0/27/2

100 jSO+HARD-DE 0/23/6
jSO+CS-DE 0/23/6
jSO+DPSHADE 0/27/2
jSO+AGDE-MPP 2/18/9
jSO+SLDE 3/20/6
jSO+PRS 10/15/4
jSO+EAGDE 6/18/5
Total 99/246/61

1Sign + means that jSO performs significantly better than the compared
algorithm, — means that jSO performs significantly worse than the com-
pared algorithm, =~ means that there is no statistical difference between
compared algorithms.

jSO, which uses LPSR, is a strong and robust baseline, while also highlighting
that carefully designed population size adaptation strategies can offer advantages in
higher-dimensional scenarios. This reinforces the importance of adaptive mechanisms
that balance exploration and exploitation as the dimensionality of the optimization
problem increases.
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Table 14: Algorithms’ ranks in 10D.

Algorithm MeanRank  Rank
jSO+APDSDE 8.1206897 11
jSO+dynNP-DE 9.1379310 13
jSO-+NLPSR 6.5344828 4
jSO+NLPSR-ver2 7.7068966 8
jSO+DSDCDE 11.0517241 14
jSO-+FP 14.0344828 15
jSO+HPDE 6.9482759 6
jSO-+HARD-DE 5.9827586 2
jSO+CS-DE 5.8965517 1
jSO+DPSHADE 7.2586207 7
jSO+AGDE-MPP 7.9137931 9
jSO+SLDE 7.9482759 10
jSO+PRS 6.2931034 3
jSO+EAGDE 8.2758621 12
iSO 6.8965517 5

x> = 115.2639, p = 5.2993¢-18

Table 15: Algorithms’ ranks in 30D.

Algorithm MeanRank  Rank
jSO+APDSDE 7.2413793 8
jSO-+dynNP-DE 10.3620690 13
jSO+NLPSR 7.7068966 9
jSO-+NLPSR-ver2 5.9137931 5
jSO+DSDCDE 12.8448276 14
jSO+FP 15.0000000 15
jSO+HPDE 6.7241379 6
jSO+HARD-DE 4.9655172 1
jSO+CS-DE 5.7068966 3
jSO+DPSHADE 5.7413793 4
jSO+AGDE-MPP 5.5517241 2
jSO+SLDE 7.9655172 11
jSO+PRS 7.8620690 10
jSO+EAGDE 9.3620690 12
iSO 7.0517241 7

x> = 190.8385, p = 4.0581e-33

6.3.3 Friedman test

Next, we applied the Friedman test with a significance level of « = 0.05 and the
obtained results for each dimension are presented in Tables 14-17. In each table,
Friedman ranks are tabulated, the corresponding performance ordering is provided in
the Rank column, and the x? and p values of the Friedman test are reported at the
bottom. If the p-value is lower than predefined significance level («) it indicates that

63



Table 16: Algorithms’ ranks in 50D.

Algorithm MeanRank Rank
jSO+APDSDE 7.2931034 8.5
jSO+dynNP-DE 9.7068966 13.0
jSO+NLPSR 7.2586207 7.0
jSO+NLPSR-ver2 5.1206897 2.0
jSO+DSDCDE 13.5344828 14.0
jSO+FP 15.0000000 15.0
jSO+HPDE 6.7068966 6.0
jSO+HARD-DE 4.9137931 1.0
jSO-+CS-DE 5.2241379 3.0

jSO+DPSHADE 5.6034483 4.0
jSO+AGDE-MPP 6.2241379 5.0

jSO+SLDE 8.3620690 10.0
jSO+PRS 8.4310345 11.0
jSO+EAGDE 9.3275862 12.0
iSO 7.2931034 8.5

x? = 192.2814, p = 2.0625¢-33

Table 17: Algorithms’ ranks in 100D.

Algorithm MeanRank  Rank
jSO+APDSDE 7.2413793 7
jSO-+dynNP-DE 10.3448276 13
jSO+NLPSR 6.5862069 5
jSO-+NLPSR-ver2 4.6034483 1
jSO+DSDCDE 13.6206897 14
jSO+FP 15.0000000 15
jSO+HPDE 7.5517241 9
jSO+HARD-DE 6.2241379 4
jSO+CS-DE 5.2586207 2
jSO+DPSHADE 6.8793103 6
jSO+AGDE-MPP 5.4137931 3
jSO+SLDE 7.2758621 8
jSO+PRS 7.7931034 11
jSO+EAGDE 8.6206897 12
iSO 7.5862069 10

X% = 174.8261, p = 7.238¢-30

at least one pair of the compared algorithms have statistical significant difference in
performance.

For the 10D problems (Table 14) jSO+CS-DE achieves the best overall rank,
closely followed by jSO+HARD-DE and jSO+PRS. The baseline jSO with LPSR
attains a competitive mid-level ranking, demonstrating robustness even without more
sophisticated population size adaptation mechanisms. In the 30D case (Table 15), a
noticeable shift in rankings occurs. jSO+HARD-DE emerges as the top-performing
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Fig. 4: Friedman ranks of algorithms in 10D with marked critical distance for
jSO+CS-DE.

algorithm, followed by jSO-+AGDE-MPP and jSO-+CS-DE. This change suggests that
population size adaptation strategies that are effective in low dimensions may not
retain their dominance as dimensionality increases. Nevertheless, the baseline jSO with
LPSR remains stable, ranking near the middle of the table, which highlights its consis-
tent performance across varying problem complexities. For 50D problems (Table 16),
jSO+HARD-DE continues to dominate, achieving the best rank, with jSO+NLPSR-
ver2 and jSO-+CS-DE following closely. The baseline jSO and jSO+APDSDE share
a similar ranking. At this dimensionality, more sophisticated population size adjust-
ment mechanisms appear increasingly advantageous. In the 100D setting (Table 17),
the ranking landscape changes further. jSO+NLPSR-ver2 achieves the best overall
rank, followed by jSO+CS-DE and jSO+AGDE-MPP. Overall, the Friedman rank-
ings reveal several important trends. First, while jSO with LPSR provides a strong
and reliable baseline across all dimensions, other population size adaptation strate-
gies can offer substantial performance improvements, especially as dimensionality
increases. Second, no single strategy dominates across all dimensions, highlighting
the dimension-dependent nature of population size control. Finally, strategies that
incorporate adaptive, non-linear, or diversity-aware mechanisms tend to perform bet-
ter in higher-dimensional problems, emphasizing the growing importance of balancing
exploration and exploitation as the search space becomes increasingly complex.

The results of the Friedman test are also shown in Figures 4—7. The best-performed
algorithm is presented in dark blue. We depict the best-performing algorithm with
a dotted line, and the dark blue line shows the critical distance relative to it. The
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Fig. 7: Friedman ranks of algorithms in 100D with marked critical distance for
jSO+NLPSR-ver2.

critical distance indicates that a statistically significant difference exists between two
algorithms when the difference in their Friedman rank values exceeds the critical
value. For the 10D case, jSO+CS-DE emerges as the best-performing algorithm. With
respect to the critical distance (CD) diagram, 12 algorithms lie below the line of sta-
tistical significance, while 2 algorithms are positioned above it. For both 30D and 50D,
jSO+HARD-DE achieves the best performance. In these dimensions, 10 algorithms
fall below the CD curve, whereas 4 algorithms are located above it, indicating statis-
tically significant differences. In the 100D scenario, jSO+NLPSR-ver2 attains the top
rank. Notably, this algorithm ranked second in the 50D case. For 100D, 10 algorithms
are positioned below the CD curve, one algorithm lies on the curve, and 3 algorithms
appear above it. Notably, a considerable performance difference is observed between
jSO+NLPSR and jSO+NLPSR-ver2, resulting only from changes in the values of two
parameters. Once again, the figures indicate that population size reduction strategies
lead to improved performance, with many non-linear reduction methods substantially
outperforming linear ones. This advantage becomes increasingly pronounced as the
dimensionality of the problem increases.

6.3.4 Convergence graphs

The convergence graphs illustrate how the objective function values evolve through-
out the optimization process. The convergence graphs for functions f7 and f15 in the
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30D setting are presented in Figure 8, those for functions f19 and {21 in the 50D set-
ting are shown in Figure 9, and the convergence behavior for functions f5 and f15 in
the 100D setting is illustrated in Figure 10. Overall, the convergence curves exhibit
similar trends across most algorithms, with j]SO+FP being a notable exception. Nev-
ertheless, differences in the dispersion of the convergence curves are evident, indicating
varying performance levels among the algorithms. These observations suggest that the
employed population size regulation strategies significantly influence the convergence
behavior throughout the evolutionary optimization process.

Let us present a concise summary of the convergence analysis for six representative
cases shown in Figures 8—10. For the two selected 30D functions, the convergence
curves of all algorithms remain closely grouped during the first half of the optimization
process (up to MazFFEs/2) with errors is approximately 150 for f7 and 1500 for f15.
During the second half of the optimization process, when the population sizes are
generally smaller, clearer differences among the convergence curves emerge. The final
average error values for f7 across all algorithms, except for two, are between 7 and
10; for 15, they range between 30 and 100, again excluding the same two algorithms.
For both functions, no algorithm succeeded in reducing the error to zero. For the
two selected 50D functions, the convergence curves of the various algorithms begin to
diverse somewhat after the first half of the optimization process (with the error for
the better-performing algorithms being half as large). However, significant differences
emerge in the convergence curves during the second half of the process; this is reflected
in the final average error values, which range between 100 and 200 for function 19
(except for two algorithms) and between 1000 and 2000 for function 21 (except for
one algorithm). For both functions, none of the algorithms succeeded in reducing
the error to zero. For the first selected 100D function, the convergence curves of all
algorithms (with the exception of two) approach the desired value after the first half
of the optimization process, as the errors fall below 10~3. However, convergence then
stalls. For the second selected 100D function, the convergence curves of all algorithms
are closely grouped after the first half of the optimization process (with the standout
algorithm jSO+FP achieving the best intermediate result). The final average error
values for f15 in the 100D range from 1500 to 4000 across all algorithms.

Overall, these examples show that differences among population-size adjustment
strategies tend to become more visible during the later stages of the optimization
process. At the same time, the selected cases demonstrate that reaching very high
accuracy can remain difficult, particularly for higher-dimensional problems, where
convergence may stagnate before the desired error threshold is reached.

Researchers and practitioners often require detailed analyses of DE performance
and convergence behavior, particularly in relation to different characteristics of opti-
mization problems. Such in-depth investigations facilitate a deeper understanding of
how population size adaptation strategies influence the balance between exploration
and exploitation during the evolutionary process. Insights gained from convergence
analysis can guide the design of more effective DE variants and support informed deci-
sions when selecting or configuring algorithms for specific problem classes, especially
in high-dimensional and complex optimization scenarios.
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Fig. 8: Convergence graphs of algorithms for functions {7 and 15 in 30D.
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Fig. 9: Convergence graphs of algorithms for functions f19 and 21 in 50D.
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6.3.5 Performance analysis by function family and dimension

The figures C1-C16 show Friedman mean ranks of the compared algorithms for dif-
ferent function families and problem dimensions. We can see that, across the four
problem dimensions (10D, 30D, 50D, and 100D), the relative performance of the
algorithms depends on the function family. This suggests that the effectiveness of a
population-size adjustment strategy is related not only to dimensionality, but also to
the exploration and exploitation requirements imposed by the problem landscape.

For unimodal functions, the differences among most algorithms are relatively small
in 10D, 30D, and 50D, indicating that these problems are comparatively easy for all
considered methods. Only in 100D do clearer differences emerge, where jSO-+dynNP-
DE and jSO achieve the best Friedman ranks, but without a significant difference to
other algorithms. In contrast, jSO+FP obtains the worst rank across all dimensions.
A possible explanation is that unimodal problems contain a single optimum and there-
fore place less emphasis on preserving population diversity. Consequently, advanced
nonlinear or fluctuating population-size strategies offer limited benefit, while frequent
or unnecessary changes in population size may even disturb an otherwise straight-
forward convergence process. The competitive performance of the original jSO with
LPSR and dynNP-DE mechanisms is consistent with this interpretation.

For multimodal functions, population-size adaptation plays a more important role.
In 10D and 50D, jSO+CS-DE achieves the best rank, while jSO+HARD-DE per-
forms best in 30D. For the largest dimension (100D), jSO+AGDE-MPP obtains the
best rank. Unlike LPSR, jSO+CS-DE and jSO+HARD-DE do not reduce the popu-
lation at a constant rate. jSO+CS-DE applies an elliptic reduction in the early stage
followed by a linear reduction, whereas jSO-+HARD-DE employs a parabolic-linear
schedule. Both mechanisms are designed to avoid reducing the population too rapidly
during the early part of the search process. Maintaining a larger population for longer
may preserve diversity and allow a broader exploration of the search space, which is
particularly relevant for multimodal landscapes containing many local optima. The
behavior of jSO+AGDE-MPP is even more pronounced in this respect: its hyperbolic-
tangent reduction keeps the population relatively large during a substantial part of
the evolutionary process and slows the reduction in both the early and late stages.
This may help explain its strong performance on 100D multimodal functions, where
the number of potentially relevant search regions increases substantially.

For hybrid functions, the best-performing method varies with dimensionality.
jSO+CS-DE achieves the best rank in 10D and 100D, jSO+DPSHADE performs best
in 30D, and jSO+NLPSR-ver2 obtains the best rank in 50D. Hybrid functions com-
bine components with different landscape characteristics and therefore require the
optimizer to alternate effectively between broad exploration and more intensive local
search. The good performance of jSO-+CS-DE and jSO+DPSHADE may be related to
their stage-dependent population reduction: both employ different reduction behav-
iors during different parts of the search rather than following a single linear reduction
trajectory. jSO+DPSHADE, for example, applies nonlinear reduction during the first
half of the evaluation budget and switches to a linear reduction afterward. Such stage-
dependent mechanisms may provide greater flexibility when the landscape contains
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regions requiring different search behaviors. The strong performance of jSO+NLPSR-
ver2 in 50D also indicates that not only the general form of a nonlinear reduction
curve, but also its parameterization can be important. The NLPSR strategy uses two
parameters, k1 and ks, to control the population reduction rate during the early and
later stages of evolution, respectively. The two NLPSR variants evaluated here differ
only in these parameter values, yet their rankings differ across problem families and
dimensionalities. This indicates that the timing of population reduction, rather than
nonlinear reduction alone, can influence performance.

For composition functions, jSO-+NLPSR performs best in 10D, whereas
jSO+HARD-DE achieves the best Friedman rank in both 30D and 50D. In 100D,
jSO+NLPSR-ver2 becomes the top-ranked algorithm. Composition functions com-
bine several basic functions and can therefore contain multiple search regions with
substantially different landscape properties. An overly rapid decrease in population
size may reduce the algorithm’s ability to explore these regions before sufficient infor-
mation has been collected. The favorable rankings of j]SO+HARD-DE and the two
jSO+NLPSR variants suggest that a more gradual or stage-dependent transition from
exploration to exploitation can be beneficial on such landscapes. At the same time,
the change from jSO+NLPSR in 10D to jSO+NLPSR-ver2 in 100D again suggests
that the appropriate reduction rate depends on problem dimensionality.

Considering the results across function families, multimodal, hybrid, and compo-
sition functions exhibit substantially larger rank differences than unimodal functions,
highlighting the importance of population-size adjustment for difficult optimization
problems. Although the original jSO remains competitive, several population-size
adjustment mechanisms achieve better rankings across more challenging landscapes,
especially for higher dimensional optimization problems. Among them, jSO+CS-DE,
jSO+HARD-DE, jSO+NLPSR-ver2, and jSO+AGDE-MPP most frequently achieve
the best Friedman ranks, demonstrating the benefits of adaptive population man-
agement in maintaining diversity and facilitating the transition from exploration to
exploitation. The best-ranked strategies share the property that population reduction
is not performed uniformly throughout the search. Instead, they maintain a larger
population in the early stages and adjust the reduction rate as the evolutionary pro-
cess progresses. This may provide a better compromise between preserving population
diversity in the early and intermediate stages and concentrating computational effort
on promising regions later in the search process.

6.3.6 Computational complexity

In this subsection, we briefly analyze the computational overhead introduced by dif-
ferent population size adjustment strategies. In our experimental work, we used a PC
with the following configuration:
System: GNU Linux, CPU: Intel(R) Core(TM) i7-4770 CPU 3.4 GHz, Main memory:
16 GB, Programming language: C+-+, Compiler: g+-+.

In technical report for CEC 2024 (Qiao et al. 2023), it is suggested to measure
the computing time ¢; for the algorithm with 10000 evaluations for function f;, and
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Table 18: Minimum and maximum values of T5 indi-
cators in seconds.

D min(7%) [s] max(T2)[s]

10 0.33 0.35
30 1.14 1.23
50 2.63 2.73
100 9.32 9.76

compute indicator T5 as follows:

29
Ty = ti/29 (104)
i=1

Recall, there are 29 functions in the CEC 2024 benchmark suite. Since the T5
indicators obtained for each strategy are quite similar, we only show their mini-
mum and maximum values in Table 18. We can see that the difference between the
best and worst-performing strategies among the 15 strategies is negligible across all
dimensionalities. For example, the difference is =~ 5% in the case of 100D.

In fact, the negligible differences among the indicators can be interpreted as follows.
The conditions for applying population size adjustment are checked in each iteration,
while the strategy itself is triggered only in certain generations. Note that the condi-
tions used and the triggered strategy are also not computationally expensive. Given
that, in real-world problems, the total execution time is often dominated by objective
function calculations rather than by the computational overhead of the strategy, the
additional overhead associated with such a strategy can be considered acceptable.

6.4 Comparison of LPSR against fixed population size

In this subsection, we present the experimental results comparing the jSO algorithm,
which employs the LPSR mechanism, with three algorithms using fixed population
sizes:

® DE — the classical Differential Evolution algorithm with fixed population size NP =
100 (using F = 0.5 CR = 0.9, and the DE/rand/1 mutation strategy with the
binomial crossover),

® ;SO-wo-Red — the jSO without population reduction, using a fixed population size
NP =100,

® ;SO-wo-Half — the jSO without population reduction, using a fixed population size,
NP = NP;,;;/2. Recall that jSO uses NP;,;; = 25 x log(D)V/D.

The DE and jSO-wo-Red algorithms use the same population size across all problem
dimensions, whereas jSO-wo-Half employs a dimension-dependent population size that
remains fixed during the whole evolutionary process.

Table 19 shows the summarized results of the Wilcoxon test, while the detailed
results are collected in Tables A13-A16. It is evident that the LPSR mechanism
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Table 19: The Wilcoxon signed-rank results of jSO versus other
algorithms (o = 0.05).

Dimension  Algorithm +/~/— 1

jSO-wo-Half  13/16/0
jSO-wo-Red  13/16/0

10 DE 12/13/4
Total 38/45/4
iSO-wo-Half  19/10/0

30 jSO-wo-Red  22/7/0
DE 21/8/0
Total 62/25/0
jSO-wo-Half  21/7/1

50 jSO-wo-Red  26/3/0
DE 25/3/1
Total 72/13/2
jSO-wo-Half  19/9/1

100 jSO-wo-Red  24/3/2
DE 28/1/0
Total 71/13/3

1Sign + means that jSO performs significantly better than the compared
algorithm, — means that jSO performs significantly worse than the com-
pared algorithm, ~ means that there is no statistical difference between
compared algorithms.

generally outperforms the algorithm variants using fixed population sizes across all
considered problem dimensions. The advantage becomes more pronounced as the
dimensionality increases. For the 10D problems, jSO with LPSR achieves mostly pos-
itive results against all compared algorithms, although many comparisons remain
statistically indistinguishable. For higher-dimensional problems (30D, 50D, and
100D), the superiority of LPSR becomes more evident. The number of statistically
significant wins increases substantially, while the number of losses remains very small.

Figures 11-14 show Friedman ranks of the algorithms with fixed population sizes
versus jSO, while the detailed results are collected in Tables A17-A20. Figures confirm
the conclusions drawn from Table 19. The jSO algorithm with the LPSR mechanism
achieves the best average rank among all compared algorithms across all problem
dimensions. In the 10D case, the advantage of LPSR is visible but relatively modest,
consistent with the larger number of statistically indistinguishable results observed in
the Wilcoxon tests. However, as the dimensionality increases to 30D, 50D, and 100D,
the superiority of LPSR becomes substantially more pronounced. The mean rank of
jSO with LPSR improves from 1.93 in 10D to approximately 1.2 in higher-dimensional
problems, while the competing fixed-population variants remain noticeably worse.
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Fig. 12: Friedman ranks of algorithms in 30D with marked critical distance for jSO.

Among the compared algorithms, the classical DE obtains the highest (worst) mean
ranks, particularly for 30D-100D problems, indicating that DE with fixed popula-
tion size is less powerful for complex high-dimensional optimization tasks. The jSO
variants without population reduction (jSO-wo-Red and jSO-wo-Half) achieve better
results than DE, suggesting that the jSO framework itself contributes positively to
performance. Nevertheless, both variants remain clearly inferior to the original jSO
with LPSR, highlighting the importance of adaptive population reduction. Overall,
the results indicate that the LPSR mechanism improves the search efficiency of jSO,
especially as the problem dimensionality increases.
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Fig. 14: Friedman ranks of algorithms in 100D with marked critical distance for jSO.

7 Experiment on real-world problems

We evaluate different population-size reduction mechanisms on two real-world prob-
lems from the CEC 2011 benchmark suite(Das and Suganthan 2010), originating from
two different application domains. The first problem (rwpl) is Parameter Estimation
for Frequency-Modulated Sound Waves. The objective is to generate a sound signal
that closely matches a given target sound. This problem is highly complex and multi-
modal, with strong epistatic interactions among variables. The second problem (rwp2)
is the Lennard-Jones Potential Problem, which represents a molecular potential energy
minimization task. The goal is to minimize the potential energy associated with a
pure Lennard-Jones cluster. This is a highly multimodal optimization problem char-
acterized by an exponential number of local optima. The maximum number of fitness
function evaluations was set to MaxFFEs = 150,000 for both real-world problems.
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Table 20: The Wilcoxon signed-rank results of jSO versus other
algorithms (o = 0.05).

Problem  Algorithm +/z/—1
jSO+APDSDE 0/1/0
jSO+dynNP-DE 0/1/0
jSO+NLPSR 0/1/0
jSO-+NLPSR-ver2 0/1/0
jSO+DSDCDE 1/0/0
jSO+FP 1/0/0
jSO+HPDE 0/1/0

rwpl jSO+HARD-DE 0/1/0
jSO+CS-DE 0/1/0

jSO+DPSHADE 0/1/0
jSO+AGDE-MPP  0/1/0

iSO+ SLDE 0/1/0
iSO+ PRS 0/1/0
iSO+ EAGDE 0/1/0
Total 2/12/0
jSO+APDSDE 0/0/1
jSO+dynNP-DE 0/0/1
jSO+NLPSR 0/0/1
jSO-+NLPSR-ver2 0/1/0
iSO+ DSDCDE 1/0/0
iSO+FP 1/0/0
jSO+HPDE 0/1/0
rwp2 jSO+HARD-DE 0/1/0
jSO+CS-DE 0/1/0

jSO+DPSHADE 0/1/0
jSO+AGDE-MPP  0/0/1

iSO+ SLDE 0/1/0
iSO+ PRS 1/0/0
iSO +EAGDE 0/0/1
Total 3/6/5

1Sign + means that jSO performs significantly better than the compared
algorithm, — means that jSO performs significantly worse than the com-
pared algorithm, =~ means that there is no statistical difference between
compared algorithms.

Table 20 presents results of the Wilcoxon signed-rank test comparing the original
jSO algorithm with different population size reduction strategies. For the first real-
world problem rwpl, the results indicate that most algorithms achieve performance
statistically similar to jSO, as reflected in 12 cases that are statistically indistin-
guishable. These results suggest that the considered population reduction mechanisms
behave similarly on this problem. For the second real-world problem rwp2, the

78



Real-world problems

9 14.500014.5000
10.5000
x 10.0000
83 9.5000
5 8.0000
o 7.5000
= 7.0000
6.5000 6.5000 6.5000 6.0000
5.5000 5.5000
©
2.0000
o -
R 2 N R R A 2 2 2 T 2P
S S, ; SR R Y A A P ? 5
N S S QG)Q" & o I & § &L g L
o S 9 & 5 Ox‘z‘ & D@ &
$ & & ¢ ) ¢ &

Fig. 15: Friedman ranks of algorithms for real-world problems with marked critical
distance for j]SO+NLPSR.

results are more diverse. Algorithms jSO+APDSDE, jSO+dynNP-DE, jSO+NLPSR,
jSO+AGDE-MPP, and jSO+EAGDE achieve statistically significant improvements
over the jSO baseline. Compared to rwpl, the second problem rwp2 appears to be
more sensitive to the choice of population size reduction strategy. Readers interested
in the detailed results are advised to refer to Tables A21 and A22.

Figure 15 presents the Friedman ranks of the compared population size reduction
strategies on the considered real-world problems. The results show that jSO+NLPSR
achieves the best overall performance with the lowest mean rank (2.0), indicating
that the non-linear population size reduction strategy is the most effective for the
considered real-world optimization tasks. Very competitive results are also obtained
by jSO+HPDE and jSO+EAGDE, both achieving mean ranks of 5.5. The original jSO
algorithm also performs well, obtaining a mean rank of 6.0. On the other hand, the
weakest performance is observed for jSO+DSDCDE and jSO+FP, which obtain the
highest mean ranks (14.5), suggesting that these population-reduction mechanisms
incorporated in jSO are less suitable for the considered real-world problems.

Figure 16 presents convergence graphs for the considered real-world problems.
Recall that MazFFEs = 150,000 for both problems. It can be observed that the rwpl
problem is solved by almost all algorithms within approximately 100,000 function

79



rwpl 6D

jSO+APDSDE
jSO+dynNP-DE
jSO+NLPSR
jSO+NLPSR-ver2
jSO+DSDCDE
jSO+FP
jSO+HPDE
jSO+HARD-DE
jSO+CS-DE
jSO+DPSHADE
jSO+AGDE-MPP
jSO+SLDE
jSO+PRS
jSO+EAGDE

jso

20.0
|
|11

10.0
1

£(x)

2.0

1.0

T T T T
0 50000 100000 150000

nfes

rwp2 30D

jSO+APDSDE
jSO+dynNP-DE
jSO+NLPSR
JjSO+NLPSR-ver2
jSO+DSDCDE
jSO+FP
jSO+HPDE
jSO+HARD-DE
jSO+CS-DE
jSO+DPSHADE
jSO+AGDE-MPP
jSO+SLDE
jSO+PRS
jSO+EAGDE
jso

[

20
|

£(x)

T T T T
0 50000 100000 150000

nfes

Fig. 16: Convergence graphs of algorithms for real-world problems rwpl and rwp2.
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evaluations, while for obtaining a better solution in the case of the rwp2 problem, a
higher number of function evaluations is required.

7.1 An example of convergence behavior

Table 21: Number of CEC 2024 functions (out of 29 for each dimen-
sion) for which jSO+NLPSR-ver2 achieved at least one successful run
(SR > 4%), SR > 50%, and SR = 100%.

Dimension SR > 4% SR >50% SR = 100%

10D 12 7 6
30D 5 4 3
50D 4 3 3
100D 2 2 1

Before we present the convergence behavior of two population size adjustment
algorithms on the real-world problem rwp2, we give a very short overview of the success
rate of jSO+NLPSR-ver2, as an example, on the CEC 2024 benchmark test suite. For
the jSO-NLPSR-ver2 algorithm, in Table 21 we present the number of cases (out of a
total of 29 for each dimension) in which the success rate (SR) is 100%, greater than
or equal to 50%, at least 4%. The success rate is defined by the number of successful
runs, where a run is successful if the algorithm successfully finds the optimal value of
the function, using an error threshold of 10~%. Recall, there are 29 functions in the
CEC 2024 benchmark, and 25 runs were performed for each function. In other cases,
the function values obtained by the algorithm were far from the optimal values known
for this benchmark. The performance strength of the algorithms deteriorated as the
dimension increased.

In the next experiment, we increased MaxzFEs to 1,500,000 (ten times more) for
rwp2 and used jSO and jSO+NLPSR-ver2 in order to analyze convergence behavior.
Figure 17 shows the convergence graphs of 25 runs for both algorithms, respectively.
SR was 80% (20 of 25) and 96% (24 of 25) for jSO and jSO-+NLPSR-ver2, respec-
tively. In these cases, the algorithms converged to the optimum. If we compare the
convergence graphs of Figure 17 and the bottom graph in Figure 16, it can be noticed
that the success rate increased as the maximal number of function values increased.
Furthermore, the convergence speed is lower when MaxFFEs is higher (as the algorithm
maintains a larger population size for a longer period), whereas a higher success rate
is achieved at the end of the optimization process.

7.2 Results of algorithms with fixed population sizes

To further investigate the influence of population size adaptation, we additionally eval-
uated algorithms using fixed population sizes on the considered real-world problems.
The goal of this experiment was to assess whether population reduction mechanisms
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Fig. 17: Convergence graphs of 25 runs of the jSO and jSO+NLPSR-ver2 algorithms
for the real-world problem rwp2 with MazFEs = 1,500,000.
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Fig. 18: Friedman ranks of algorithms for real-world problems with marked critical
distance for jSO.

provide measurable advantages over fixed population sizes in practical optimization
scenarios. The last three rows of Tables A21 and A22 present the results. On rwpl
(Table A21), the classical DE algorithm also reaches the optimum in all runs. In con-
trast, the jSO without population reduction exhibits noticeably worse performance.
The jSO-wo-Red variant achieves a mean error value of 1.66, while jSO-wo-Half
obtains a slightly better mean value of 1.257. Both variants also show larger standard
deviations, indicating less stable behavior across runs. These results suggest that,
for rwpl, the population-reduction mechanism contributes positively to the robust-
ness and reliability of the jSO algorithm. On rwp2 (Table A22), the algorithms using
fixed population sizes achieve noticeably worse results compared to most adaptive
population reduction strategies.

Figure 18 summarizes Friedman ranks of the algorithms with fixed population sizes
on the considered real-world problems. The original jSO algorithm with the LPSR
mechanism achieves the best overall performance, obtaining the lowest mean rank
(1.25), which clearly indicates its advantage over the fixed-population variants.

8 Discussion, limitations, and recommendations

8.1 Discussion

The experimental results on the CEC 2024 benchmark problems and two real-world
problems were obtained using the jSO algorithm, which was extended with various
population-size adjustment methods originally integrated into other DE algorithms.
Our purpose was not to design new algorithms that would be the most efficient
in terms of performance, but only to compare selected methods for population size
adjustment during the evolutionary process. The comparison mainly included meth-
ods that use NLPSR. However, if the reader is interested in powerful state-of-the-art
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algorithms and their comparison, we recommend, among others, the papers (Popic
et al. 2025; Brest and Sepesy Maucec 2025; Piotrowska and Piotrowski 2026; Stanovov
and Semenkin 2024c¢). It is worth noting that most of algorithms discussed in the
mentioned papers employ LPSR.

In this review, we were mainly interested in methods for adjusting the population
size in DE during the evolutionary process. In these methods, bounds are often set
on population size variability. Usually, the end user needs to set the population size
parameters (NP;,;; and NP.,q), which determine the size of the population at the
beginning and the end of the evolutionary process, respectively. A different possibility
can be found in the algorithm of Unbounded DE (UDE) (Kitamura and Fukunaga
2022), which uses a population in which individuals are never replaced and the popula-
tion grows monotonically as new individuals are produced. UDE uses a parameterized
tournament selection.

We integrated the selected population size adjustment strategies into the jSO
algorithm. The results indicate which strategies improve performance relative to the
original jSO and which do not. As jSO shares key design principles with L-SHADE
and several of its derivatives (e.g., iL-SHADE, L-SRTDE, and L-SRTDEwPSM),
similar trends may also be observed when these strategies are incorporated into
those algorithms. However, this hypothesis would require dedicated experimental
verification.

In recent years, as artificial intelligence and machine learning have become domi-
nant across a wide range of scientific and engineering disciplines, their influence has
also increasingly extended to evolutionary algorithms. The integration of evolution-
ary computing with machine learning techniques is a promising research direction for
improving optimization algorithms. By learning specific characteristics of a problem,
they can achieve more efficient optimization, resulting in a more accurate optimiza-
tion solution. Learning-based schemes were employed in DE variants to generalize
parameter control or to select effective algorithmic configurations (Ye et al. 2025).
For example, the Knowledge Learning Evolutionary Computation (KLEC) frame-
work (Jiang et al. 2025) leverages historical successful experiences to construct a
knowledge library that guides the evolutionary behavior of individuals. Similarly, a
self-learning DE algorithm incorporating a population range indicator was proposed
in (Zhao et al. 2023), while Liu et al. (2023) introduced a general-purpose evolutionary
algorithm framework grounded in learning mechanisms.

Despite their potential, learning-based approaches introduce several challenges.
Designing effective learning strategies that can reliably exploit feedback information
during the evolutionary process remains a nontrivial task. Moreover, machine learn-
ing—driven methods typically require additional training procedures to derive learning
components, which increases computational overhead and often leads to longer run-
times (Ye et al. 2025). These factors must be carefully considered when integrating
learning mechanisms into evolutionary algorithms. Learning-based approaches, anal-
ogous to other learning mechanisms, could also govern the population-size reduction
mechanism.

The literature review in this paper revealed a clear trend toward increasingly
sophisticated population-size adjustment mechanisms. Earlier approaches mostly
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relied on predefined reduction schedules, whereas more recent algorithms employ
heuristic information such as diversity, fitness improvement, or stagnation detection.
The experimental study supports this trend, as many of these adaptive mechanisms
achieve competitive performance, particularly on higher-dimensional problems.

The experimental results indicate that the advantage of non-linear population size
adjustment becomes more pronounced as the dimensionality of the optimization prob-
lem increases. A possible explanation is that high-dimensional search spaces require
maintaining exploration for a longer portion of the optimization process. Linear pop-
ulation reduction decreases the number of individuals at a constant rate regardless of
the search progress, whereas many non-linear strategies delay population reduction or
adapt it according to search-state indicators such as diversity, fitness improvement,
or stagnation. Consequently, they preserve exploration when it is still beneficial and
shift toward exploitation only when the search has already progressed sufficiently.

This interpretation is also consistent with the characteristics of several of the
best-performing strategies on the 100-dimensional problems, including those in
jSO+NLPSR-ver2, jSO+CS-DE, jSO+AGDE-MPP, and jSO+HARD-DE algorithms.
All of these strategies reduce the population size during the evolutionary process
and employ either NLPSR mechanism or a combination of LPSR and NLPSR mech-
anisms. Despite differences in their population size adjustment mechanisms, these
strategies generally deviate from the constant-reduction rate of LPSR by maintain-
ing a relatively large population for a longer period during the evolutionary process
and applying a more pronounced reduction at another stage of the search process.
In high-dimensional search spaces, retaining more individuals for longer may support
broader exploration and reduce the risk of prematurely losing potentially useful search
directions, while a subsequent faster reduction may allow computational resources
to be concentrated on exploitation. The favorable performance of these strategies on
the 100-dimensional problems is consistent with this explanation; however, the pro-
posed relationship between their population-size trajectories and performance should
be regarded as a hypothesis based on the observed experimental results rather than
as a demonstrated causal effect.

Although several non-linear strategies achieved better average performance, no
single population-size adjustment mechanism consistently dominated across all bench-
mark functions and dimensions. This observation is consistent with the No Free Lunch
theorem and suggests that the effectiveness of a population-size strategy depends on
the characteristics of the optimization landscape, including dimensionality, modality,
and the available computational budget.

8.2 Limitations

In this review, we were mainly interested in methods for adjusting the population
size in the DE algorithms during the evolutionary process to solve optimization prob-
lems. There are several types of optimization: single-objective optimization (SOO),
multi-modal optimization (MMO), multi-objective optimization (MOO), large-scale
global optimization (LSGO), constrained optimization (CO), etc. This review primar-
ily focuses on SOO and LSGO, but the presented strategies and mechanisms can also
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be applied to other types of optimization. Note that algorithms for efficiently solving
other types of optimization must also include additional specialized mechanisms.

The next limitation encountered with NLPSR strategies concerns the value of the
MaxzFEs parameter, especially when it is small. The DE algorithms with population
size adjustment are more suitable for optimization problems with a larger number of
MazFFEs and also for problems with larger dimensions. The latter is clearly shown
in our real-world problem-solving experiment: classical DE performs well in solving
the problem rwpl, which has a small number of dimensions, while the versions with
NLPSR and LPRS achieve better performance on rwp2, which has more dimensions
than rwpl.

In the presented experimental work, we used the jSO algorithm, which we extended
with various population size adjustment methods that were originally integrated into
other DE algorithms. Any other algorithm, like L-SHADE, L-SRTDE, etc., could
be used instead of jSO. As already mentioned, our intention was not to design new
algorithms that would be the most efficient, but rather to compare the selected meth-
ods for adjusting the population size during the evolutionary process. Additionally,
because NLPSR-based strategies have been frequently used in the literature since
2017, with only a few studies before 2017, we primarily focus on NLPSR methods in
our experimental work.

The NP;,;; parameter seems to have a greater impact on the performance of pop-
ulation size adjustment strategies in DE-based algorithms, compared to the NP4
parameter. In our experiments, we do not analyze the values of these parameters.
Instead, we use NP;,;; = 25 X log(D)\@, and NP.,; = 4 for all 15 algorithms, as
these values are frequently used in the literature.

In practical engineering, scaling the initial population size linearly (e.g., NP p;t =
18 x D) to counter an exponentially expanding search space often proves computation-
ally prohibitive. This approach can incur excessive costs while yielding diminishing
returns in information efficiency. We definitely want to point out this limitation and
inform practitioners regarding these scalability bottlenecks. Even before starting the
optimization process, it is necessary to obtain the cost, or at least an estimate of it,
caused by the evaluation of the criterion function. The cost can also be the execution
time. The practitioners’ knowledge of the problem being optimized can play an impor-
tant role in both selecting the optimization algorithm and setting the parameters. In
the following section, we present some guidelines.

8.3 Recommendations

Optimization problems with a small number of dimensions can be tackled with sim-
pler algorithms that have fewer parameters, although low dimensionality does not
necessarily imply that a problem is easy to solve. More difficult, high-dimensional, and
highly multimodal problems may benefit from more advanced optimization algorithms
that incorporate multiple mechanisms; however, such algorithms require setting sev-
eral control parameters. Regardless of whether a simple or an advanced optimization
algorithm is used, population size remains an important parameter.

Based on the reviewed studies and experimental results, several practical rec-
ommendations for the use of population size adjustment strategies in DE-based
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algorithms can be formulated. First, attention should be paid to the selection of the
NP;,;; parameter after we know how many iterations (MaxzFEs) and/or how many
generations (G) we have available. Sometimes there are also time limits.

The experimental results provide more specific guidance according to problem
characteristics. For unimodal problems, the differences among most population size
adjustment strategies were relatively small, particularly at lower dimensions. There-
fore, a relatively simple strategy such as LPSR may provide an appropriate starting
point, without introducing additional complexity into the population size control
mechanism. For multimodal problems, the results favor more flexible non-linear strate-
gies. CS-DE achieved the best Friedman rank in 10D and 50D, HARD-DE in 30D,
and AGDE-MPP in 100D. These strategies retain a larger population during selected
stages of the evolutionary process, which may help maintain exploration in landscapes
with multiple local optima.

For hybrid functions, no single strategy can be recommended across all dimen-
sions. CS-DE obtained the best rank in 10D and 100D, DPSHADE in 30D, and
NLPSR-~ver2 in 50D. This variability suggests that population size adjustment for
hybrid problems should be chosen with particular consideration of dimensionality
and the heterogeneous landscape characteristics of these functions. Similarly, for
composition functions, NLPSR achieved the best rank in 10D, HARD-DE in 30D
and 50D, and NLPSR-ver2 in 100D. Thus, the results generally favor non-linear or
stage-dependent reduction strategies for the more complex multimodal, hybrid, and
composition function families, particularly at higher dimensions.

These recommendations should not be interpreted as universal rules, since no sin-
gle population size adjustment strategy consistently dominated across all function
families and dimensions, and differences between methods were not always statisti-
cally significant. Rather, they provide empirical guidance based on the benchmark
problems considered. When little is known about a new optimization problem, LPSR
can still serve as a simple reference strategy. For problems known to be highly multi-
modal or complex, particularly at higher dimensions, the results suggest considering
non-linear or stage-dependent strategies such as CS-DE, HARD-DE, AGDE-MPP,
or NLPSR-ver2. Therefore, knowledge of the optimization problem and its landscape
characteristics remains important when selecting both the optimization algorithm and
its population size adjustment strategy.

9 Conclusion

In modern engineering and scientific practice, researchers and practitioners are increas-
ingly required to understand the principles of evolutionary computation and to be
proficient in the use of Al-based optimization techniques for solving complex optimiza-
tion problems. Differential evolution, as a population-based evolutionary algorithm,
has proven to be particularly effective for addressing such challenges. While the origi-
nal DE algorithm employs a fixed population size throughout the evolutionary process,
many contemporary variants incorporate advanced strategies that dynamically adjust
the population size over time.
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This review provides a comprehensive overview of population size reduction meth-
ods and presents a comparative analysis of a selected subset of these strategies when
integrated into a state-of-the-art DE variant, namely jSO. The comparison focuses
primarily on non-linear population size reduction approaches. Extensive experimental
evaluations were conducted on the CEC 2024 benchmark suite with problem dimen-
sions of 10, 30, 50, and 100, as well as on two real-world problems, to assess the impact
of different population size adjustment strategies during the evolutionary process.

The experimental results demonstrate that several non-linear population size
reduction strategies achieved better or highly competitive performance (as indicated
by better ranks in the statistical tests) than the linear population size reduction
approach employed by the baseline jSO algorithm, particularly for higher-dimensional
optimization problems. The statistical analysis identifies different best-performing
methods for different problem dimensionalities and function families. Based on Fried-
man’s rank, j]SO+NLPSR-ver2, jSO+CS-DE, and jSO+AGDE-MPP were the top 3
ranked algorithms on D100 using CEC 2024 benchmark functions, and the top 3
algorithms on two real-world problems were jSO+NLPSR, and tied: jSO+HPDE and
jSO+EAGDE. All of the aforementioned algorithms belong to the group of NLPSR
algorithms. These findings highlight the importance of using adaptive population size
control mechanisms and considering non-linear population size adjustment mecha-
nisms as an alternative to the commonly used LPSR. As a note, the parameters of jSO
and the selected strategy were kept as recommended in the original paper, since inde-
pendently tuning them could make the observed difference appear partly attributable
to the tuning process. An exhaustive sensitivity analysis of these parameters is a
possible direction for future work.

The analysis presented in this review is intended to provide practical guidance
for the design of population size adjustment techniques, not only for DE but also
for other evolutionary algorithms. By offering insights into how different strategies
interact with problem characteristics and dimensionality, this work contributes to the
development of more robust and efficient evolutionary optimization methods capable
of addressing diverse and challenging optimization landscapes.

A possible direction for further research is how to choose the parameter values for
NP;,;s and NP,,4. Mechanisms aimed at preventing stagnation in the optimization
process are used in some strategies (e.g., FADE and DDPSA) to control population
size adjustments and remain a promising direction for future research. And finally, the
use of learning-based schemes in DE versions for selecting the initial population size
(NP;p;t) and for adapting the population size during the evolutionary process would
also be interesting for further work.
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Table A17: Algorithms’ ranks
in 10D.

Algorithm MeanRank Rank

jSO-wo-Half 2.7586207 3
jSO-wo-Red 2.9137931 4
DE 2.3965517 2
iSO 1.9310345 1

X2 = 12.2936, p = 0.0064421

Table A18: Algorithms’ ranks
in 30D.

Algorithm MeanRank Rank

jSO-wo-Half 2.7241379 3
jSO-wo-Red 2.5000000 2
DE 3.3793103 4
iSO 1.3965517 1

X% = 40.3882, p = 8.8156e-09

Table A19: Algorithms’ ranks
in 50D.

Algorithm MeanRank Rank

jSO-wo-Half 2.5000000 2
jSO-wo-Red 2.6551724 3
DE 3.6551724 4
jSO 1.1896552 1

x2 = 55.2278, p = 6.1394e-12

Table A20: Algorithms’ ranks
in 100D.

Algorithm MeanRank Rank

jSO-wo-Half 2.5517241 2
jSO-wo-Red 2.5862069 3
DE 3.6551724 4
jSO 1.2068966 1

x2? = 53.2238, p = 1.6426e-11
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Table A21: Results for real-world problem rwpl.

Algorithm Best Worst  Median Mean Std
jSO+AGDE-MPP 0.0000  10.9423 0.0000 0.8444  2.9247
jSO+APDSDE 0.0000 10.1675 0.0000 0.4067  2.0335
jSO+CS-DE 0.0000 0.0000 0.0000 0.0000  0.0000
jSO+DPSHADE 0.0000 10.1675 0.0000 0.4067  2.0335
jSO+DSDCDE 0.0000  13.2286 0.4879 4.2609  5.4187
jSO+EAGDE 0.0000 10.1675 0.0000 0.4067  2.0335
jSO+FP 13.5528 22,9329 18.0797 17.8412 3.1144
jSO+HARD-DE 0.0000  10.1675 0.0000 0.4067  2.0335
jSO+HPDE 0.0000 0.0000 0.0000 0.0000  0.0000
jSO+NLPSR 0.0000 0.0000 0.0000 0.0000  0.0000
jSO+NLPSR-ver2 0.0000 10.0796 0.0000 0.4032  2.0159
jSO+PRS 0.0000 0.0000 0.0000 0.0000  0.0000
jSO+dynNP-DE 0.0000  10.1675 0.0000 0.4067  2.0335
jSO+SLDE 0.0000  11.2072 0.0000 0.8550  2.9630
iSO 0.0000 0.0000 0.0000 0.0000  0.0000
jSO-wo-Red 0.0000 10.1675 0.0308 1.6607  3.2740
jSO-wo-Half 0.0000  11.5757 0.0000 1.2568  3.4818
DE 0.0000 0.0000 0.0000 0.0000  0.0000
Table A22: Results for real-world problem rwp2.
Algorithm Best Worst Median Mean Std
jSO+AGDE-MPP  -28.4222  -25.4382 -27.1433 -27.1679 0.6654
jSO+APDSDE -28.4032 -26.106  -27.2133 -27.1227 0.6461
jSO+CS-DE -28.2367 -24.3886  -25.8302 -25.8955  0.7442
jSO+DPSHADE -27.2193  -24.4337 -25.8634 -25.8319 0.6946
jSO+DSDCDE -16.849  -4.00683 -8.79793 -9.00533  3.3681
jSO+EAGDE -28.4223  -26.3175 -27.278  -27.2995  0.5924
jSO+FP -20.4595  -13.9379  -17.2478 -17.155  1.8150
jSO+HARD-DE -27.4041  -24.6812 -25.847 -25.865  0.5978
jSO+HPDE -27.2179 -24.6182  -25.9998 -25.9545 0.6208
jSO+NLPSR -28.4166  -26.4709 -27.3349 -27.3203 0.4919
jSO+NLPSR-~ver2 -27.8716 -25.0178 -26.0068 -26.2352 0.7285
jSO+PRS -25.8833 -21.9485 -23.9669 -23.917 0.8841
jSO+dynNP-DE -27.5428  -25.6162 -26.2716 -26.4868  0.6880
jSO+SLDE -27.3288  -24.9546  -26.2607 -26.2822 0.6367
iSO -26.9955 -24.96 -25.7099 -25.9331 0.5629
jSO-wo-Red -25.2622  -23.0344 -23.8332 -23.9828 0.5588
jSO-wo-Half -21.3602  -18.6522 -19.5171 -19.6478  0.6953
DE -15.5024 -10.2512 -11.9645 -12.2473  1.2085
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Appendix B Collection of the references

Tables B23 and B24 show collections of the references with the LPSR and non-LPSR
mechanisms, respectively. They correspond to Section 4.

Table B23: A collection of the references with the LPSR mechanism. Publication
type T is either J (journal paper) or C (conference paper or book-chapter).

Reference

Reference

T

Reference

Biswas et al. (2017¢)
Awad et al. (2017)
Biswas et al. (2017d)
Zamuda (2017)

Sun et al. (2018)

Biswas et al. (2018b)
Viktorin et al. (2018a)
Goudos et al. (2019)
Meng et al. (2019b)
Tian and Gao (2019)
Xia et al. (2019)

Liu (2019)

Yeh et al. (2019)
Zamuda and Sosa (2019a)
Hao et al. (2020)

Huang et al. (2020)

Sun et al. (2020)
Stanovov et al. (2020)
Aranguren et al. (2021)
Chen et al. (2021b)
Huang et al. (2021)
Polakova and Bujok (2021)
Tan et al. (2021)

Zuo et al. (2021)

Brest et al. (2021)
Ghosh et al. (2022)

Li et al. (2022c)
Stanovov et al. (2022)
Zhang et al. (2022)

Lei et al. (2023)

Aly et al. (2023)

Gu et al. (2023b)

Li et al. (2023c)

Tan et al. (2023)

Zhou et al. (2023)
Cheng et al. (2024)
Khodkari et al. (2024)
Visutarrom and Chiang (2024)
Yang et al. (2024c)
Stanovov and Semenkin (2024b)
Durmug et al. (2025)
Gupta et al. (2025)

Ma et al. (2025)

Song et al. (2025)
Yildirim et al. (2025)
Hazama and Iima (2025)
Choi and An (2026)
Fang et al. (2026)

Wen et al. (2026)

Sun and Cao (2026)
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Mohamed et al. (2017)
Biswas et al. (2017b)

Lin et al. (2017)

Pholdee and Bureerat (2018)
Viktorin et al. (2018b)
Biswas et al. (2018a)
Biswas et al. (2019)

Hadi et al. (2019)
Sarajli¢ et al. (2019)
Viktorin et al. (2019b)
Zamuda and Sosa (2019b)
Salgotra et al. (2019)
Zamuda (2019b)

Bujok (2020)

Hoang and Nguyen (2020)
Nasir et al. (2020)

Wei et al. (2020)

El-Abd et al. (2020)
Bujok (2021)

Chen et al. (2021a)

Kocer and Uymaz (2021)
Refaat et al. (2021)

Song et al. (2021)

Hadi et al. (2021)

Yang et al. (2021)

Ji et al. (2022)
Mousavirad et al. (2022)
Tang and Lee (2022)
Bujok and Kolenovsky (2022)
Zhang and Meng (2023)
Cherifi et al. (2023)

Gu et al. (2023a)

Meng and Zhang (2023a)
Tang et al. (2023)

Dong et al. (2023)

Cui et al. (2024)
Stanovov and Semenkin (2024a)
Wang et al. (2024)

Yang et al. (2024d)

Blaga et al. (2025)

Fu et al. (2025)
Kostovska et al. (2025)
Naas et al. (2025)

Wen et al. (2025)

Yin et al. (2025)

Verma et al. (2025)

Dong et al. (2026)
Song-Chol and Sung-Nam (2026)
Wang (2026)
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Hraiz et al. (2017)

Biswas et al. (2017a)
Viktorin et al. (2017)
Piotrowski (2018)

Bujok and Polakova (2018)
Hamdi et al. (2018)

Choi et al. (2019)

Hamdi et al. (2019)

Sato et al. (2019)

Viktorin et al. (2019a)
Bujok and Zamuda (2019)
Sallam et al. (2019)
Zamuda (2019a)

Cheng et al. (2020)

Hoang (2020)

Song et al. (2020)

Biswas and Suganthan (2020)

Mousavirad and Rahnamayan (2020)

Chen et al. (2021c)
Dinh et al. (2021)
Nguyen et al. (2021)
Rizk-Allah and El-Fergany (2021)
Yao et al. (2021)
Biswas et al. (2021)
Chang et al. (2022)

Li et al. (2022a)
Ozkaya et al. (2022)
Wang et al. (2022)
Salgotra et al. (2022)
Ahmed et al. (2023)
Emami et al. (2023)
Li et al. (2023a)
Stanovov and Semenkin (2023)
Yang et al. (2023)

de Rezende Freitas et al. (2023)
Huang et al. (2024)
Sun et al. (2024)

Yang et al. (2024a)
Zhou et al. (2024)
Chen et al. (2025)
Gehlot et al. (2025)
Kou et al. (2025)
Sallam et al. (2025)
Yadav et al. (2025)
Zhou and Meng (2025)
Wang et al. (2025¢)
Ekinci et al. (2026)
Truong (2026)

Song et al. (2026)
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Table B24: A collection of the references with the NLPSR mechanism. Publication
type T is either J (journal paper) or C (conference paper or book-chapter).

Reference T Reference T Reference T
Wong et al. (2017) J Bujok and Tvrdik (2017) C Awad et al. (2018) J
Maucec et al. (2018) J Meng and Pan (2019) J Meng et al. (2019a) J
Mohamed and Mohamed (2019) C Kumar et al. (2019) C Zhang et al. (2019) C
Meng et al. (2020b) J Meng et al. (2020a) J Zhan et al. (2020) J
Budiman et al. (2020) C Khan et al. (2020) C Zhang et al. (2020) C
Meng and Yang (2021) J Meng et al. (2021) J Xia et al. (2021) J
Zhong et al. (2021) J Stanovov et al. (2021) C Li et al. (2022b) J
Meng and Yang (2022) J Najarro et al. (2022) J Pereira de Lacerda et al. (2022) dJ
Yu et al. (2022) J  Zeng et al. (2022) J Zheng and Luo (2022) J
Biedrzycki et al. (2022) C Morales-Castaneda et al. (2022) C Ekinci et al. (2023) J
Hong et al. (2023) J Liet al. (2023d) J Lv et al. (2023) J
Meng (2023) J Meng and Zhang (2023b) J Sun et al. (2023a) J
Tian et al. (2023) J  Zhang et al. (2023a) J Zhang et al. (2023b) J
Cao et al. (2024) J Liu et al. (2024) J Meng et al. (2024) J
Qin et al. (2024) J Salgotra and Gandomi (2024) J Sedelnikov et al. (2024) J
Yang et al. (2024b) J Zhang et al. (2024) J  Zhou and Huang (2024) J
Peng and Chen (2024) C Budiman et al. (2025) J Shen et al. (2025) J
Sun et al. (2025) J Wu et al. (2025) J Xu et al. (2025) J
Zeng et al. (2025) J Zhang et al. (2026) J

Appendix C Friedman test on CEC 2024
benchmark suite by function family

Figures C1 and C16 show Friedman mean ranks of the compared algorithms for
different function families and problem dimensions. They correspond to Section 6.3.5.
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Fig. C1: Friedman ranks of algorithms in 10D (unimodal functions) with marked
critical distance for jSO+APDSDE.
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Fig. C2: Friedman ranks of algorithms in 10D (multimodal functions) with marked

critical distance for j

SO+CS-DE.
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10D, hybrid functions
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Fig. C3: Friedman ranks of algorithms in 10D (hybrid functions) with marked critical
distance for jSO-+CS-DE.
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Fig. C4: Friedman ranks of algorithms in 10D (composition functions) with marked
critical distance for jSO+NLPSR.
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30D, unimodal functions
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Fig. C5: Friedman ranks of algorithms in 30D (unimodal functions) with marked
critical distance for jSO+APDSDE.
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Fig. C6: Friedman ranks of algorithms in 30D (multimodal functions) with marked
critical distance for jSO+HARD-DE.
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30D, hybrid functions
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Fig. C7: Friedman ranks of algorithms in 30D (hybrid functions) with marked critical
distance for jSO+DPSHADE.
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Fig. C8: Friedman ranks of algorithms in 30D (composition functions) with marked
critical distance for jJSO+HARD-DE.
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50D, unimodal functions
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Fig. C9: Friedman ranks of algorithms in 50D (unimodal functions) with marked
critical distance for jSO+APDSDE.
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Fig. C10: Friedman ranks of algorithms in 50D (multimodal functions) with marked
critical distance for jSO+CS-DE.
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50D, hybrid functions
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Fig. C11: Friedman ranks of algorithms in 50D (hybrid functions) with marked
critical distance for jSO+NLPSR-ver2.
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Fig. C12: Friedman ranks of algorithms in 50D (compositions functions) with marked
critical distance for jJSO+HARD-DE.
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100D, unimodal functions
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Fig. C13: Friedman ranks of algorithms in 100D (unimodal functions) with marked
critical distance for jSO-+dynNP-DE.
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Fig. C14: Friedman ranks of algorithms in 100D (multimodal functions) with marked

critical distance for jSO+AGDE-MPP.
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100D, hybrid functions
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Fig. C15: Friedman ranks of algorithms in 100D (hybrid functions) with marked
critical distance for jSO-+CS-DE.
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Fig. C16: Friedman ranks of algorithms in 100D (composition functions) with marked
critical distance for jSO+NLPSR-ver2.
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